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Preface

This manual is to accompany the Ninth Edition of Bernard Kolman and David R.Hill’s Elementary Linear
Algebra with Applications. Answers to all even numbered exercises and detailed solutions to all theoretical
exercises are included. It was prepared by Dennis Kletzing, Stetson University. It contains many of the
solutions found in the Eighth Edition, as well as solutions to new exercises included in the Ninth Edition of

the text.






Chapter 1

Linear Equations and Matrices

Section 1.1, p. 8

2.
4.
6.
8.
10.
12.

14.
16.

18.
20.
22.

24.

25.

r=1y=22z=—-2.

No solution.

x =13+ 10¢, y = —8 — 8t, t any real number.
Inconsistent; no solution.

r=2,y=—1.

No solution.

r=—-1y=2 z=-2.

(a) For example: s =0, t = 0 is one answer.

(b) For example s =3, t=41is one answer.

(c) s

Yes. The trivial solution is always a solution to a homogeneous system.
r=19y=1 z=4.

r=—3.

If 9 = s1, 2 = S2, ..., T = Sy satisfy each equation of (2) in the original order, then those
same numbers satisfy each equation of (2) when the equations are listed with one of the original ones
interchanged, and conversely.

If 1 = 81, x2 = Sa, ..., Tp, = Sy, is a solution to (2), then the pth and gth equations are satisfied.
That is,

Qp1S1+ -+ QpnSp = by

ag151 + -+ + QgnSn = by.
Thus, for any real number r,
(apr +1ag)s1+ -+ (apn + Tagn)sn = by + rby.

Then if the gth equation in (2) is replaced by the preceding equation, the values x; = s1, T2 = s2, ...,
T, = S, are a solution to the new linear system since they satisfy each of the equations.



2 Chapter 1
26. (a) A unique point.

(b) There are infinitely many points.

(¢) No points simultaneously lie in all three planes.

C2
28. No points of intersection: @

One point of intersection:
Two points of intersection: .

Infinitely many points of intersection:

30. 20 tons of low-sulfur fuel, 20 tons of high-sulfur fuel.

32. 3.2 ounces of food A, 4.2 ounces of food B, and 2 ounces of food C.

34. (a) p(1)= a(1)®+b(1)+c=a+b+c=-5
p(=1)=a(-1)2+b(-1)+c=a—-b+c=1
p(2) = a(2)?+b(2)+c=4a+2b+c=T.

01001 01111
1 01 1 10100
2.(a) A=|0 100 0 b)) A=|11010
01000 10100
1100 0 10000
4. a=3,b=1,c=8,d=-2
5 5 8 .
6. () C+E=E+C= |4 2 9]. (b) Impossible. (c) [ ]
0 1
5 3 4
-9 3 -9 0 10 -9
(d) |-12 -3 -15]. (e) 8 -1 -2 (f) Impossible.
-6 -3 -9 -5 -4 3
1 5 4 5
1 2 — 1
8 (a) AT=|2 1 ,(AT)T[2 X i] M =5 2 3. (o [1(; 1(7)]
3 8 9 4
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3
0 —4 17 2
(d) [4 O]' (e) 16 3 () {—16 6}
9 10
10 10 30
10. Yes.Q[O J—i—l[o 0]—{0 2].
A—1 =2 -3
12. -6 A+2 =3
-5 -2 -4

14. Because the edges can be traversed in either direction.

x
T2
16. Let x = | . | be an n-vector. Then
Ty
T 0 x1+0 X1
To 0 zo +0 To
x+0=| |+ |.|= ) = =%
Tn 0 T, +0 Ty
n m
18. Zzaij = (ann +az+---+aim)+ (ag1 + a2+ +azm) + -+ (an1 + an2 + -+ anm)
i=1j=1
= (a11 + a1+ -+ an1) + (@12 + az2 + -+ + an2) + - + (@rm + G2m + -+ @um)
m n
S
j=1i=1
n n n n
19. (a) True. Z(aZ +1)= Zai +Zl = Zaz +n
i=1 i=1 i=1 i=1
n m n
(b) True Z Zl :Zm:mn
=1 7j=1 1=1
n m m m m
(c) True. Zai ij :alzbj+a22bj+"'+anzbj
i=1 j=1 j=1 j=1 j=1

m

:(a1+a2+~~~+an)2bj
j=1

()

j=1 \i=1

n

= E ai
i=1 i

b =
=1
20. “new salaries” = u + .08u = 1.08u.

Section 1.3, p. 30
2. (a)4 () 0. (¢)1. (d) L
4. x =5.
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0 -1 1 15 =7 14 8 8
12. (a) Impossible. (b) {12 5 17|. (¢) |23 =5 29|. (d) [14 13|. (e) Impossible.
19 0 22 13 -1 17 13 9
58 12 28 8 38
14. (a) [66 13} (b) Same as (a). (c) {34 4 41].
28 32 -16 —8 —26
(d) Same as (c). (e) [16 18}’ same. () {30 0 31}

-1 4 2
16. (a) 1. (b) =6.  (c) [-3 0 1].  (d) {—2 8 4]. (e) 10.
3 —12 —6

9 0 -3
() 0 0 0. (g) Impossible.
— 0

3 1
18. DIy =I1,D = D.
0 0
20. .
fo 3
1 0
14 18
22. . b .
O o N
13 13
1 —2 -1 1 -2 -1
24. coli(AB)=1|2| +3| 4| +2]| 3|;cola(AB)=—-1|2|+2| 4|+4| 3].
3 0 —2 3 0 -2

26. (a) —5. (b) BAT
28. Let A= [aij} be m x p and B = [bij] be p X n.

(a) Let the ith row of A consist entirely of zeros, so that a;; = 0 for k = 1,2,...,p. Then the (4, )
entry in AB is
P
> aikby; =0 forj=1,2,...,n.
k=1
(b) Let the jth column of A consist entirely of zeros, so that ay; = 0 for £ = 1,2,...,m. Then the
(i,7) entry in BA is

Zbikakj =0 fori=1,2,...,m.

k=1
2 3 -3 1 1 2 3 -3 1 1 il 7
3 0 2 3 30 2 0 3 2 )
8- @y 3 g 4 o ™y 3 0 4 o i?’ EER
0o 0 1 1 1 0o 0 1 1 1 4 5

L5
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2 3 -3 1 1| 7
() 3 0 2 0 3]-2
2 3 0 -4 0] 3
0O o0 1 1 1] 5

-2 3| | )
32. = .
[ 1 —5] [JJJ [4}
21’1+$2+3$3+4(E4:0

34. (a) 3z — 2 + 223 =3 (b) same as (a).
—2x1 + x9 — 4x3z + 3x4 =2

R e e Rt e Y A O [E] o H] _ H’] |

1 12 17 [z 0
38, (a)[;zg] xzzm. M) |11 2] |2 =|o].
T3 2 0 2] |3 0
39. We have
U1
n Vg
u V—Zuzvz— Ug un} Tl =ulv
i=1
vy,

40. Possible answer: [

W N =
o O O
o O O

42. (a) Can say nothing. (b) Can say nothing.

43. (a) Tr(cA) = an” = CZ a;; = cTr(A

=1
(b) Tr(A+B):i: aii + bii) Za”+Zb”_Tr ) + Tr(B).
=1

(c) Let AB = C = [c;;]. Then

Tr(AB) = Z cii = Z > aikbri =Y briag = Tr(BA).

i=1 k=1 k=11i=1

(d) Since af; = ay;, Tr(AT) = Zaz; = Za“ = Tr(A)
i=1 i=1

(e) Let ATA = B = [b;;]. Then
bii = Zag;aﬂ = Za?z — TI'(B) = TI'(ATA) = Z bii = a?j > 0.

Hence, Tr(ATA) >0
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45. We have Tr(AB — BA) = Tr(AB) — Tr(BA) = 0, while Tr ([(1) ﬂ) =2.

b1j

by
46. (a) Let A = [aij] and B = [bij] be m x n and n X p, respectively. Then b; = .] and the ith

bnj
entry of Ab; is Z a;;br;, which is exactly the (7, ) entry of AB.
k=1
(b) The ith row of AB is [Zk aikbrr Yo @ikbr2 o D op aikbkn}. Since a; = [aﬂ Qi - am],

we have
ab =Y, ambit Yopaikbre 0 g Qikbrn] -

This is the same as the ith row of Ab.

47. Let A = [aij] and B = [bij] be m x n and n X p, respectively. Then the jth column of AB is

a11b1j + -+ ainbn;

(AB); =
Gm1bij 4 -+ amnbp;
aii Qin
=by | |+t by
Am1 Amn

= by,;Col1(A) + - - - + b,;Col,, (A).

Thus the jth column of AB is a linear combination of the columns of A with coefficients the entries in
b;.

48. The value of the inventory of the four types of items.

50. (a) row;(A) - col;(B) = 80(20) + 120(10) = 2800 grams of protein consumed daily by the males.
(b) rowa(A) - cola(B) = 100(20) + 200(20) = 6000 grams of fat consumed daily by the females.

51. (a) No. If x = (z1,22,...,7,), then x.x =22 + 25 +--- + 22 > 0.
(b) x=0.

52. Let a = (a1,as,...,a,), b= (b1,ba,...,b,), and ¢ = (¢1,¢2,...,¢,). Then

(a) a-b= Zaibi and b.-a = Zbiai, soa-b=Db-a.
i=1 i=1
(b) (a—l—b)-c:Z(ai—i—bi)ci :Zaici—i—Zbici =a-c+b-c.
i=1 i=1 i=1
(c) (ka)+b=> (ka;)b;i =k »_a;b; = k(a-b).

i=1 i=1
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53.

o4.

55.

The i, ith element of the matrix AAT is
> anal; = amain =Y _(air)’.
k=1 k=1 k=1
Thus if AAT = O, then each sum of squares Z(aik)2 equals zero, which implies a;x = 0 for each i
k=1
and k. Thus A = O.
17 2 22

AC = [18 3 23

] . C'A cannot be computed.

BT B will be 6 x 6 while BBT is 1 x 1.

Section 1.4, p. 40

1.

Let A = [a;;], B = [b;], C = [cij]. Then the (i,5) entry of A+ (B + C) is a;; + (bij + ¢;;) and
that of (A4 B) + C is (a;j + bi;) + ¢;j. By the associative law for addition of real numbers, these two
entries are equal.

. For A= [aij}, let B = [—aij].

. Let A= [aij], B = [bij], C= [cij]. Then the (i, j) entry of (A4 B)C'is Z(aik + bix)cr; and that of

k=1

n n
AC+ BC'is Z aikCr; + Z bircr;. By the distributive and additive associative laws for real numbers,
k=1 k=1
these two expressions for the (i, ) entry are equal.

Let A= [aij], where a;; = k and a;; =0if ¢ # j, and let B = [bij]. Then, if i # j, the (i,7) entry of

AB is Z aisbs; = kby;, while if i = j, the (i,) entry of AB is Z @isbs; = kby;. Therefore AB = kB.

s=1 s=1

Let A = [aij] and C' = [cl cy - cm]. Then CA is a 1 X n matrix whose ith entry is chaij.
j=1
a1j
Since A; = | . |, the ith entry of chAj is chaij.
: =1 j=1
Qmj
(a) cos 26 sin 20 (b) cos 360 sin 30 () coskf sin k6
—sin20 cos20 | —sin30 cos30 | —sinkf coskd|

(d) The result is true for p = 2 and 3 as shown in parts (a) and (b). Assume that it is true for p = k.
Then

kel gk 4 | coskl sinkf cosf sinf
AT = A= | —sinkf coskd

_ [ coskf cosO —sinkfOsin® coskf sinf + sin kO cos b
| —sinkf cos — cos k6 sin® coskf cosf — sin k6 sin 0

—sinf cosf

[ cos(k+1)0 sin(k+1)0
| —sin(k+1)0 cos(k+1)0]"

Hence, it is true for all positive integers k.



10.

12.

13.

14.

16.

18.

20.
22.
24.

26.
27.

28.

30.

32.

33.

34.

Chapter 1

. 10 01
Possible answers: A = {O 1], A= [1 0], A=

S o
- -

. 1 o1, [oo0] , [o1
Possible answers: A = {1 J, A= {O O}A {0 O]'
Let A = [a;;]. The (i,j) entry of r(sA) is 7(sa;;), which equals (rs)a;; and s(ras;).

Let A = [aij]. The (i,7) entry of (r 4+ s)A is (r + s)a;;, which equals ra;; + sa;j, the (i,7) entry of
rA+ sA.

Let A= [aij}, and B = [bzg} Then T(aij + bzy) = Tai; + T‘bij.
Let A = [a;;] and B = [b;;]. The (i,5) entry of A(rB) is Zaik(rbkj), which equals rZaikbkj7 the

k=1 k=1
(i,7) entry of r(AB).

1 1
3.
If Ax =rx and y = sx, then Ay = A(sx) = s(Ax) = s(rx) = r(sx) =ry.
The (i, j) entry of (AT)T is the (j,4) entry of AT, which is the (i,5) entry of A.
(b) The (i,j) entry of (A+ B)T is the (j,i) entry of [a;; + b;; |, which is to say, aj; + bj;.
(d) Let A = [a;;] and let b;; = aj;. Then the (i, ) entry of (cA)T is the (j,7) entry of [ca;;|, which
is to say, cb;;.
5 0 -4 -8
(A+B)T = |5 2|, (rA)T = |-12 —4|.
1 2 -8 12
—34 —34
(a) 17 1. (b) 17]. (c) BTC is a real number (a 1 x 1 matrix).
—51 —51
1 - 1 2 -1 2
Possible answers: A = {O g};B: [% 1];6’: { 0 J.

20 00 00
A= i B= ; C = .
The (4, j) entry of cA is ca;j, which is 0 for all ¢ and j only if ¢ = 0 or a;; = 0 for all ¢ and j.

Let A= {Z ﬂ be such that AB = BA for any 2 x 2 matrix B. Then in particular,

2 allo )= o] [ 4

a 0
b: :0 A: .
SO c , [0 d}
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Also

which implies that a = d. Thus A = [g 2] for some number a.

35. We have
(A=) = - 1)B)”
+((-1)B )
= AT + (=1)BT = AT — BT by Theorem 1.4(d)).
36. (a) A(x;+x2)=A4Ax1+Ax3=0+0=0.
(

b; AEX1 X3) = Ax; — Axs =0-—-0=0.
(c) A(

(d) A(

37. We verify that x3 is also a solution:

Axz = A(rx1 + sx2) = rAxy + sAxs =rb+sb = (r + s)b=b.

38. If Ax; =b and Axy = b, then A(x; — x3) = Ax; — Axs =b —b =0.

Section 1.5, p. 52
1. (a) Let I, = [d;;] so d;; = 1if i = j and 0 otherwise. Then the (i, j) entry of I,, A is

m
Z dirar; = di;a;;  (since all other d’s = 0)
k=1
=a;; (since d;; =1).
2. We prove that the product of two upper triangular matrices is upper triangular: Let A = [aij] with
a;; = 0 for i > ], let B = [b”] with bij =0 for i > ] Then AB = [Cij] where Cij = Zaikbkj. For
k=1
i > j, and each 1 < k < n, either ¢ > k (and so a;; = 0) or else k > ¢ > j (so by; = 0). Thus every
term in the sum for ¢;; is 0 and so ¢;; = 0. Hence [¢;;] is upper triangular.

3. Let A= [aij] and B = [bij], where both a;; = 0 and b;; = 0 if ¢ # j. Then if AB =C = [cij], we

have Cij = Zaikbkj =0if1 # j

k=1

9 -1 1 18 =5 11
4. A+B=|0 -2 7| andAB=| 0 -8 -T7|.

0O 0 3 0 0 O

5. All diagonal matrices.



10.

11.

12.

13.

14.

16.

17.

18.

19.
20.

21.
22.

Chapter 1

7 -2 9 11 20 —20
(&) [3 10} (b) {22 13] (c) { 4 76]
g summands

/_/—
APAT = (A-A---A)(A-A---A) = AP, (Ap)q:APAPAP...Ap:Ap+p+~--+p:qu.
N—_———

q factors

p factors q factors

p + q factors

We are given that AB = BA. For p = 2, (AB)? = (AB)(AB) = A(BA)B = A(AB)B = A%B?.
Assume that for p = k, (AB)* = A*B¥. Then

(AB)**! = (AB)*(AB) = A*B* - A- B = A*(B*"'AB)B
_ Ak(Bk,—QABQ)B — .= Ak-‘rlBk—'rl.

Thus the result is true for p = k + 1. Hence it is true for all positive integers p. For p = 0, (AB)? =
I, =A"BO.

Forp=0, (cA)? =1,=1-1, =c"- A% For p =1, cA = cA. Assume the result is true for p = k:
(cA)* = ckA* then for k + 1:

(cA*H = (cA)F(cA) = F AR . cA = F(AFe)A = F(cAF) A = (Fe) (AR A) = FHak+L

True for p = 0: (AT)Y =1, = IT = (A%)T. Assume true for p = n. Then
(AT)'IL+1 _ (AT)nAT (An)TAT (AA”) (An-s—l)T.

True for p = 0: (A%)~1 =1,

—1 = I,. Assume true for p = n. Then

(An+1)—1 _ (AnA)—l —_ A—l(An>—1 _ A—I(A—l)n — (A—l)n+1.

($FA7Y) (kA) = (1 k) A7'A =1, and (kA) (1 A7") = (k- 1) AA™! = I,,. Hence, (kA)~™' = + A~ for
k # 0.

(a) Let A=kI,. Then AT = (kI,,)T = kIT = kI, = A.

(b) If k =0, then A = kI,, = 0I, = O, which is singular. If k # 0, then A~! = (kA)™' = 1A~ 50 A4

is nonsingular.

(¢) No, the entries on the main diagonal do not have to be the same.

Possible answers: [g 2] Infinitely many.

. 12 s[5 11 . [10 14
The result is false. Let A = [3 4]. Then AA' = [11 25} and A" A = [14 20].
(a) A is symmetric if and only if AT = A, or if and only if a;; = az-;- = aj;.
(b) A is skew symmetric if and only if AT = —A, or if and only if ag; = a;; = —0;j.

(¢) ai; = —ayi, so ay; = 0.

Since A is symmetric, AT = A and so (AT)T = AT.
The zero matrix.

(AAT)T = (AT)TAT = AAT,

(a) (A+AN)T =AT + (AT =AT + A=A+ AT,
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(b) (A—AT)T = AT — (AT)T

23. (AM)T = (AT)k = A*.

24. (a) (A+B)T=AT + BT = A+ B.
(b) If AB is symmetric, then (AB)T

= AB, but (AB)T = BT AT =

11

— AT — A= —(A- A7)

BA, so AB = BA. Conversely, if

AB = BA, then (AB)T = BT AT = BA = AB, so AB is symmetric.

25. (a) Let A=

[a”] be upper triangular so that a;; = 0 for i > j. Since AT =

T T _ ..
[al;], where af; = ajs,

we have a =0 for j >i,or a =0 for i < j. Hence AT is lower triangular.

(b) Proof is Slmllar to that for (a).

26. Skew symmetric. To show this, let A be a skew symmetric matrix. Then A7 = —A. Therefore

(AT)T = A = —AT. Hence AT is skew symmetric.
27. If A is skew symmetric, AT = —A. Thus a;; =

28. Suppose that A is skew symmetric, so AT = —A. Then (AF)T

positive odd integer, so A* is skew symmetric.

29. Let S = (3) (A+ AT) and K =
Exercise 18. Thus

S+E=(3)(A+AT +A-AT) =

—Q45, SO Q5 = 0.

= (AT = (—A)F = —AF if k is a

(3) (A— AT). Then S is symmetric and K is skew symmetric, by

(3) (24) = A,

Conversely, suppose A = S 4+ K is any decomposition of A into the sum of a symmetric and skew

symmetric matrix. Then

AT = (S+ K)T
A+ AT =(S+K)+(S—-K)=2S, S=

A-AT =
2703 L
30. S=5 |7 12 3|andK=2|1 0 1
33 6 7 -1 0

=ST+KT"=S-K

(3) (A+ A7),

(S+K)—(S—K)=2K, K=(})(A-A")

2 3| |w =z 10 . .
31. Form [4 6} { } = [0 J. Since the linear systems

2w+ 3y =1

20 +32=0
doe +6z2=1

4w+ 6y =0

have no solutions, we conclude that the given matrix is singular.

32. D~ =

o o wl=
\

o

o Nl

o O

L=
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38.

40.

42.

43.

44.

45.

46.

47.

48.

49.

50.

ol.

Chapter 1

10 00 10
Possibl : = .
ossible answer [0 O} + [0 1] {0 1]

1 2 -1 =2 00
Possibl : = .
ossible answer [3 4} + [ 3 4} [6 8}

The conclusion of the corollary is true for » = 2, by Theorem 1.6. Suppose r > 3 and that the
conclusion is true for a sequence of » — 1 matrices. Then

(AjAg - A) P =[(A1 Ay A AT = ATN (A Ay A )T = ATTAT AT ATE

We have A='A =1, = AA~! and since inverses are unique, we conclude that (A=1)~1 = A.

Assume that A is nonsingular, so that there exists an n x n matrix B such that AB = [,,. Exercise 28
in Section 1.3 implies that AB has a row consisting entirely of zeros. Hence, we cannot have AB = I,,.

Let
ail 0 0 0
0 a9 0 0
A= ,
0 0 Ann
where a;; # 0 for i = 1,2,...,n. Then
<0 0 0
ail
A 0 a—iz 0 0
0 0 1

as can be verified by computing AA™! = A"14 =1,.

[16 0 0
At=10 81 0
0 0 625
(a7, O 0 0
| ab, 0 0
L0 0 - - ab,

Multiply both sides of the equation by A1,

Multiply both sides by A~".
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52.

93.
o4.

95.

96.

o7.

58.

59.

60.

Form | bl jw @ = L0 . This leads to the linear systems
c d|l |y =z 01

aw + by =1 ar + bz=20
and
cw+dy=0 cx +dz=1.

A solution to these systems exists only if ad — bc # 0. Conversely, if ad — bc # 0 then a solution to
these linear systems exists and we find A~".

Ax = 0 implies that A=1(Ax) = A0 =0, so x = 0.

We must show that (A~HT = A7l First, AA~! = I, implies that (AA~1)T = I = I,,. Now
(AA T = (AHTAT = (A~HT A, which means that (A~H)T = A1,

4 5 0
A+B=|0 4 1 | is one possible answer.
6 —2 6
2x2|2x22x1 2x212x3
A=|2x%x2|2x2|2x1 | and B=| 2x2|2x3
2x2|2x212x1 1x2|1x3

3x3|3x2 3x3[3x2
A_{3><3 3x2}and3_[2x3 2><2}

(91 48 41 48 407
18 26 34 33 5
24 26 42 47 16

AB =
28 38 54 70 35
33 33 56 74 42
|34 37 58 79 54|
A symmetric matrix. To show this, let Aq,..., A, be symmetric matrices and let x1, ..., x, be scalars.

Then AT = A, ..., AT = A,,. Therefore

(1’114.1 + -+ QL'nAn)T = ({ElAl)T + -+ (iEnAn)T
:xlAf—i-—&—anf
=241+ +x,A,.

Hence the linear combination x1 Ay + - - - + 2, A, is symmetric.

A scalar matrix. To show this, let Aq,..., A, be scalar matrices and let z1,...,z, be scalars. Then
A; = ¢;1,, for scalars ¢, ...,c,. Therefore

1A+ 2 Ay =ai(ah) + o F an(endn) = (e + -+ 2nen) Iy

which is the scalar matrix whose diagonal entries are all equal to x1¢1 + - -+ + z,¢p.

(a) wy = ﬁ} Wy = [12}, w3 = {?3]7 Wy = [2(1;51}, Us = 5, uz = 19, uy = 65, us = 214.

(b) Wy,_1 = An71W0.

e o=l 4]
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63. (b) In MATLAB the following message is displayed.

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate.
RCOND = 2.937385e-018

Then a computed inverse is shown which is useless. (RCOND above is an estimate of the condition
number of the matrix.)

(¢) In MATLAB a message similar to that in (b) is displayed.

64. (c) In MATLAB, AB — BA is not O. It is a matrix each of whose entries has absolute value less than
1x 10714

65. (b) Let x be the solution from the linear system solver in MATLAB and y = A~1B. A crude measure
of difference in the two approaches is to look at max{|z; — y;| ¢ = 1,...,10}. This value is
approximately 6 x 107°. Hence, computationally the methods are not identical.

66. The student should observe that the “diagonal” of ones marches toward the upper right corner and
eventually “exits” the matrix leaving all of the entries zero.

67. (a) As k — oo, the entries in A¥ — 0, so A¥ — [8 8]

(b) As k — 0o, some of the entries in A* do not approach 0, so A¥ does not approach any matrix.

Section 1.6, p. 62

2. y
3_.
1_
f(u) = (3,0)
+ + + + + + X
-3 —-10|1\d 3
1T uw=(@,-2
4. y
3_.
14
—— x
o/ 1 2
1 f(u) = (6.19, —0.23)
u=(-2-3)



Section 1.6

6. y
—6,6
(769 fwy=-2u 6]
44
u=(-3,3) 2+
1 1 : 1 1 } 1 1 1 X
-6 -4 -2 0] 1
8. z
u = (07 27 4)
f( ) (47 -2 4) i
-1
b A —— y
: /// 1 '01
vl I
X
10. No.
12. Yes.
14. No.

16. (a) Reflection about the line y = z.

(b) Reflection about the line y = —

18. (a) Possible answers:

0 1
(b) Possible answers: 4] , [2] .
4] |o
20. (a) flu+v)=A(u+v)=Au+ Av = f(u) + f(v).
(b) fle ) A(cu) = ¢(Au) = cf(u).
(¢) fleu+dv) = Alcu+dv)

21. For any real numbers ¢ and d, we have

fleu+dv) = A(cu+dv)

= A(cu) + A(ev) = c(Au) + d(Av) = cf(u) + df (v).

15

= A(cu) + A(dv) = ¢(Au) + d(Av) = cf(u) + df(v) =c0+d0=0+0 = 0.
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0 0 Uy 0
22. (a) O(u) = = =0
0 0 Up, 0
1 0 --- 0 Up Uy
(b) I(u) = : S I R .
o0 --- 1 U U,

Section 1.7, p. 70

2.

)
4+
2 /
0 t t t t t t t t T
2 4 6 & 10 12 14 16
4. (a) y
4,16 12, 16
6l (4, 16) (12, 16)
12 +
81
N (4, 4) (12, 4)
4,4 12, 4
3_.
14
0 i T ?l) 4| T T T 8| T T T 1|2

Chapter 1
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Section 1.7
(b) y
24
14
1
4 1 1 x
ol+ %1 2
6. y
14
1
2
X
0 1

8. (1,-2), (—3,6), (11, -10).
10. We find that

(fio f2)(e1) = e2
(f20 f1)(e1) = —es.

Therefore f1 o fo # foo f1.

12. Here f(u) = [3 g} u. The new vertices are (0,0), (2,0), (2,3), and (0, 3).

y

(2,3)

14. (a) Possible answer: First perform f; (45° counterclockwise rotation), then f.

(b) Possible answer: First perform f3, then fs.

sind  cosd
rotation through the angle 26, so

f# —sinf
16. Let A = [COS St ] Then A represents a rotation through the angle . Hence A? represents a

2 |cos20 —sin20
~ | sin20  cos26|°
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Since
42 cos —sinf@] [cosf —sinf] [cos?6d — sin?@  —2sinfcosf
" |sin®  cosf| |sin® cos@| | 2sinfcosf  cos20 —sin?6 |’
we conclude that
cos 20 = cos® 0 — sin? 0
sin 20 = 2sin 6 cos 6.
17. Let
4 - |cos 0, —sinb; and B — cos(—fz) —sin(—602)] [ cosfy sinby
" |sinf;  cosbq ~ |sin(—62) cos(—f3)] |—sinfy cosfy |’

Then A and B represent rotations through the angles 6; and —60s, respectively. Hence B A represents
a rotation through the angle 6; — 5. Then

B [cos(&l —0) —sin(0; — 92)} |

sin(fh — 02)  cos(61 — 62)
Since
BA— cosfly sinfy| [cosfy —sinfy| |cosfcosls +sinfsinfy cosdsinby — sin b cos Oy
| —sinfy cosfy | | sinb; cosfy | |sinfycosfy — cosysinly cosby cosls + sinfysinbs |’

we conclude that

cos(fy — 02) = cos 01 cos b + sin 61 sin Oy

sin(fy — 03) = sin 0y cos s — cos O sin Hs.

Section 1.8, p. 79

2. Correlation coefficient = 0.9981. Quite highly correlated.

10

sk

10

100

80~ * *

60 -

40~

100
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Supplementary Exercises for Chapter 1, p. 80

by
2. k=1 B= .
(a) H
(D11 b2
k=2 B = .
v
(D11 b1z bis
k: B = .
3 0 0 0 ]
b— 4 B_ (11 b2 bz bua .
0 0 0 o0

(b) The answers are not unique. The only requirement is that row 2 of B have all zero entries.
100

1
4. (a) [(1) ﬂ. ® o0 o]l () L
000
_la b 5  [a*4+bc ab+bd] [0 1] .
(d) Let A= [c d}.ThenA = {ac—}—dc bc—i—dz} = [0 O] = B implies
bla+d) =
cla+d)=0

It follows that a + d # 0 and ¢ = 0. Thus

e[ )12

Hence, a = d = 0, which is a contradiction; thus, B has no square root.
5. (a) (ATA); = (row; AT) x (col; A) = (col; A)T x (col; A)
(b) From part (a)

a1q

T a2 ~ 5

(AT A)ii = [ar; agi - am] x| | = Zaji > 0.
. j=1

(2%

(c) ATA =0, if and only if (AT A);; =0 for i = 1, ..., n. But this is possible if and only if a;; = 0

fori=1,...,nandj=1,...,n
6. (AT =(A- A AT =ATAT ... AT = (AT)*.
- ~——
k times k times

7. Let A be a symmetric upper (lower) triangular matrix. Then a;; = aj; and a;; = 0 for j > (j < 9).
Thus, a;; = 0 whenever i # j, so A is diagonal.

8. If A is skew symmetric then AT = —A. Note that x” Ax is a scalar, thus (x? Ax)? = xT Ax. That is,
xTAx = (xTAx)T = xTATx = —(x" Ax).
The only scalar equal to its negative is zero. Hence x” Ax = 0 for all x.

9. We are asked to prove an “if and only if” statement. Hence two things must be proved.

(a) If A is nonsingular, then a; #0fori=1, ..., n.
Proof: If A is nonsingular then A is row equivalent to I,,. Since A is upper triangular, this can
occur only if we can multiply row ¢ by 1/a;; for each i. Hence a;; # 0 for i = 1, ..., n. (Other

row operations will then be needed to get I,,.)
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10.

11.

12.

13.

14.
15.

16.

Chapter 1

(b) Ifa;; #0 for i =1, ..., n then A is nonsingular.
Proof: Just reverse the steps given above in part (a).

Let A = 0 a and B = 00 . Then A and B are skew symmetric and AB = —ab 0
—a 0 -b 0 0 —ab
which is diagonal. The result is not true for n > 2. For example, let
0o 1 2
A=|-1 0 3
-2 -3 0
5 6 -3
Then A2 = 6 10 2
-3 2 13

Using the definition of trace and Exercise 5(a), we find that

Tr(AT A) = sum of the diagonal entries of A7 A (definition of trace)
n n n
= (ATA); =) a; (Exercise 5(a))
i=1 i=1 |j=1

= sum of the squares of all entries of A
Thus the only way Tr(AT A) =0isifa;; =0fori=1,...,nand j=1,...,n. Thatis,if A= O.
When AB = BA.

Let A= Ll) i Then
o %+<§)2 d 4t |1 %+<%)2;(%>3
0 (%) 0 (3)
Following the pattern for the elements we have
o [T )
0 (3)"
A formal proof by induction can be given.
BF = pAkp-1L,
Since A is skew symmetric, AT = —A. Therefore,

A=A = —A(ATY)T = AT(AY)T = (AT )T =17 =1

and similarly, [-(A"17T]A = I. Hence —(A™1)T = A71 so (A~HT = —A~! and therefore A~ is
skew symmetric.

If Ax = 0 for all n x 1 matrices x, then AE; =0, j =1,2,...,n where E; = column j of I,,. But then

An j

Hence column j of A = 0 for each j and it follows that A = O.
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17. If Ax = x for all n x 1 matrices X, then AE; = E;, where Ej is column j of I,,. Since

18.

19.

20.

21.

22.

alj

agj
AE; = | | = E

Qnj
it follows that a;; = 1 if i = j and 0 otherwise. Hence A = I,,.

If Ax = Bx for all n x 1 matrices x, then AE; = BE;, j =1,2,...,n where E; = column j of I,,. But
then

a1j blj

a2; bgj
AE]‘ = = BEj - .

Qnj bnj

Hence column j of A = column j of B for each j and it follows that A = B.
(a) I2 =1, and O? = O
(b) One such matrix is [8 ﬂ and another is Ll) 8}

(c) If A2 = A and A~ exists, then A71(A?) = A=A which simplifies to give A = I,,.
We have A2 = A and B? = B.
(a) (AB)? = ABAB = A(BA)B = A(AB)B (since AB = BA)
= A?B? = AB (since A and B are idempotent)
(b) (AT)2 = ATAT = (AA)T (by the properties of the transpose)
= (AH)T = AT (since A is idempotent)
(¢) If A and B are n x n and idempotent, then A + B need not be idempotent. For example, let

A= [(1) (1)} and B = [(1) ﬂ Both A and B are idempotent and C = A+ B = E J. However,
2 2
2 _
C? = {2 2} #C.

(d) k=0and k= 1.

(a) We prove this statement using induction. The result is true for n = 1. Assume it is true for n = k
so that A¥ = A. Then
A= AAF = AA= A7 = A
Thus the result is true for n = k + 1. It follows by induction that A™ = A for all integers n > 1.
(b) (I, —A?=12-24+A%>=1,-2A+A=1,— A

(a) If A were nonsingular then products of A with itself must also be nonsingular, but A* is singular
since it is the zero matrix. Thus A must be singular.

(b) A3 =0.
() k=1 A=0; I,-A=1,; (I,-A)1A=1,
k=2 A2=0; (I,—A)I,+A)=1,-—A*=1,; (I, —A) " '=1,+ A
k=3 A3=0; (I, -A)I,+A+A*)=1,-A=1,; (I, -A) ' =1,+A+ A?

etc.
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ve |,
1
24.
1 1
25. (a) Mcd(cA) = Z (caij) =c¢ Z a;; = cMcd(A)
itj=n+1 itj=n+1
(b) Mcd(A+B)= > (ag+byj)= > aj+ Y by=Mcd(A)+Mcd(B)
i+j=n+1 i+j=n+1 i+j=n+1
(C) MCd(AT) = (AT)ln —+ (AT)2n71 + -+ (AT)nl = Qnp1 —+ ap—12 + -+ A1p = MCd(A)
7T =3 1 1
(d) Let A= [0 0} and B = {1 1 } Then
AB = [100 04} with Mcd(AB) = 4
and
7T =3 .
BA = 73 with Mcd(BA) = —10.
0
0
0
3
1 2 1 10 0 . -1 0 .
(b) Solve [3 4} y= [1] and {2 3] z = [3] obtaining y = [ J and z = [1] Then the solution
-1
to the given linear system Ax = B is x = (1) where x = {Z] .
1

27. Let

S e ]

Then A and B are skew symmetric and

AB — —ab 0
0 —ab

which is diagonal. The result is not true for n > 2. For example, let
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Then
5 6 -3
A2 =1 6 10 2
-3 2 13

28. Consider the linear system Ax = 0. If A;; and Ay are nonsingular, then the matrix
AL O
O Ay
is the inverse of A (verify by block multiplying). Thus A is nonsingular.

29. Let

A A
A =
[ o A2J

where Aq1 isr x r and A9y is s X s. Let

By Bl2:|
B =
[321 Bao

where By is r X r and Bgy is s X s. Then

AB — A11B11 + A12Bo A11312+A12322} _ |:Ir O]

Ao Boy AsoBoo O I,

23

We have AooBos = I, S0 Bog = A2_21. We also have Az Bo; = O, and multiplying both sides of this

equation by A;zl, we find that Bo; = O. Thus Ay1B11 = I, so B1y = Aﬁl. Next, since
A1 Bia+ A12Bay = O

then
A11Bia = —A13Bgs = — A2 Ay,

Hence,
Biy = — A A AL

Since we have solved for Bi1, Bis, Ba1, and Bay, we conclude that A is nonsingular. Moreover,

Aﬁl _Af11A12A521

A=
@ Ay
Lo 206w
30. (a) XYT =18 10 12|. (b) XYT =
12 15 18 “LUse
-2 0 6 10
T T
3. Let X =[1 5] andY =[4 —3] . Then

) 20 —15

XY" = H [4 —3] = [ : 3} and VX7 = [_3] [1 5] = [ 420

It follows that XY 7 is not necessarily the same as Y X7

-3 =15
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32. Tr(XYT) =291 + 2oy2 + -+ + 2nyn  (See Exercise 27)
— X7y,
(1 7
33. colj (A) x row(B) + coly(A) x rowa(B) = |3 | [2 4]+ | 9| [6 8]
5 11
2 4 42 56 44 60
=| 6 12|+ |54 72| = |60 84| =AB.
110 20 66 88 76 108

34. (a) HT = (I, —2WWDT = [T —o(WWT)T =1, —2(WD)ITWT =1,, —2WW7T = H.
(b) HHT = HH = (I, — 2WW7T)(I, — 2WWT)
=1, —AWWT + aWWTwwT
=1, —4aWWT rawwTw)wT
=1, —4AWWT +4W(I,)WT =1,
Thus, HT = H~ 1.

1 5 1 1 0000 1 2100
1 2 3 1 9 5 01000 01210
35. () (3120 ()|, [ | @001 00 =5 (@001 21
2 31 9 5 _1 1 00010 1001 2
00O0O0T1 21001
1 C2 C3
36. We have C = circ(cy,ca,¢3) = | c3 ¢1 ¢a|. Thus C is symmetric if and only if co = ¢3.
Cy C3 (1
n
37. Ox = Zci] X.
i=1
38. We proceed directly.
[c1 c3 col [e1 ca 3] A +ck+c3 c1Ccy + c3c1 4+ coc3  cic3 + c3cg + cacq ]
CTC=|ecy 1 e c3 ¢1 G| = | cacr +cie3 + 3 c3+ct+ c% cac3 + c1ea + 301
lc3 C2 c1] |Lca c3 c1 ] | cac1 + cac3 + Cc1Cg  C3C2 + Cac1 + €103 c% + c% + c%
[c1 e 3 [e1 c3 ¢ A +ck+c3 c1c3 + Cocy 4+ €3¢y c1Cy + cacs + c3cq ]
CCT = |es 1 e ey c1 c3| = |c3e1 +ciea + eoacs cg + 2 + c2 c3ca + c1e3 + cacq
lC2 ¢c3 c1] |Les ¢ c1 ] | C2C1 + ¢c3C2 + Cc1€3  Cac3 + C3C1 + Cc1C2 c% + c% + c%

It follows that CTC = CCT.

Chapter Review for Chapter 1, p. 83

True or False
1. False.
6. True.

2. False.

7. True.

3. True.
8. True.

4. True.
9. True.

5. True.
10. True.




Chapter Review

Quiz
2
1. x= .
<[]
2.r=0
3.a=b=4
4. (a) a=

(b) b= 10, ¢ = any real number.

3 .
5. u= { } , where r is any real number.
r

25
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Solving Linear Systems

Section 2.1, p. 94

2.

10.

3‘1“_’“ 1 -1 1 0 -3
a) Possible answer: B 1 1 1
( ) P bl ry + ro
—41‘1 +r3 —r3
9ry 4 I3 — T3 (10 0 0 O
21‘41—|—I‘2—>I‘2 Bl 1 —4
(b) Possible answer: r1 T3 I3 1
o +r3 —rs3
%1‘3 —rg 10 0 1
1 0 0 8
3rs+r—r; |0 1 0 -1 10 0-1 4
(a) ot Ty — Ty 0 0 1 9 (b) —=3ra+r;—r; 0 1 0 1 o0
0O 0 1 -1 0
0O 0 0 0

—Iy — I

721‘1 +TI9 — TIo
721‘1 + rs —rs
(a) %rQ — I3

—31‘3 — I3

%I‘g +Tro — o
—51‘3 + ry —r;
21’2 + r —r;

(a) REF (b) RREF  (¢) N

—31‘1 +Tro — o
*51‘1 +r3 —r3
I3 (b) 2r1 +rs—ry
—ro + I3 — I3
—ro 4+ 1] — Iy

o O O
o O = O
O O N

Consider the columns of A which contain leading entries of nonzero rows of A. If this set of columns is
the entire set of n columns, then A = I,,. Otherwise there are fewer than n leading entries, and hence
fewer than n nonzero rows of A.

(a) A is row equivalent to itself: the sequence of operations is the empty sequence.

(b) Each elementary row operation of types I, IT or III has a corresponding inverse operation of the
same type which “undoes” the effect of the original operation. For example, the inverse of the
operation “add d times row r of A to row s of A” is “subtract d times row r of A from row s of
A Since B is assumed row equivalent to A, there is a sequence of elementary row operations
which gets from A to B. Take those operations in the reverse order, and for each operation do its
inverse, and that takes B to A. Thus A is row equivalent to B.

(¢) Follow the operations which take A to B with those which take B to C.
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12.

Chapter 2

10000 10000
(a) |2 1000 (b) JO01 000
32100 00100

Section 2.2, p. 113

2.

10.

12.

14.
16.

18.

19.

20.

22.
24.

(a) x=—-6-—s—t,y=s,z2=t, w=>.

(b) x=-3,y=-2,2=1.
(a) =542, y=2—-1t,z=t.
(b) z=1,y=2,z=4+t, w=t.

=-2+4r,y=-1,2=8—2r, x4 = r, where r is any real number.

—~ o~
52

wWin

T
_ _ 2 _
r=1Ly=%2=—

No solution.

—
o T
P N N

(a) 2=1—r,y=2,2=1, x4 =r, where r is any real number.
(b) x=1—-r,y=24r,z=—1+4+r, ¢4 =r, where r is any real number.
K
x=1, , where r # 0.
~1p
X = %r , where r #£ 0.
r
(a) a=—-2. (b) a # £2. (c) a=2.

(a) a=%v6. (b) a#+V6.

a b|0

c d|0

that the linear system has only the trivial solution if and only if A is row equivalent to I5. Now show
that this occurs if and only if ad — bc # 0. If ad — be # 0 then at least one of a or ¢ is # 0, and it is a
routine matter to show that A is row equivalent to Is. If ad — be = 0, then by case considerations we
find that A is row equivalent to a matrix that has a row or column consisting entirely of zeros, so that
A is not row equivalent to I.

The augmented matrix is . If we reduce this matrix to reduced row echelon form, we see

Alternate proof: If ad — be # 0, then A is nonsingular, so the only solution is the trivial one. If
ad — bc = 0, then ad = be. If ad = 0 then either a or d = 0, say a = 0. Then bc = 0, and either b
or ¢ = 0. In any of these cases we get a nontrivial solution. If ad # 0, then & = g, and the second

equation is a multiple of the first one so we again have a nontrivial solution.

This had to be shown in the first proof of Exercise 18 above. If the alternate proof of Exercise 18 was
given, then Exercise 19 follows from the former by noting that the homogeneous system Ax = 0 has
only the trivial solution if and only if A is row equivalent to I5 and this occurs if and only if ad —bc # 0.

3 ~1
2
-2 + 1| t, where t is any number.
0 0
—a+b+c=0.

(a) Change “row” to “column.”

(b) Proceed as in the proof of Theorem 2.1, changing “row” to “column.”
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25.

26.

28.

29.

30.

32.
34.

36.

37.

38.

40.

42.

Using Exercise 24(b) we can assume that every m x n matrix A is column equivalent to a matrix in
column echelon form. That is, A is column equivalent to a matrix B that satisfies the following:
(a) All columns consisting entirely of zeros, if any, are at the right side of the matrix.

(b) The first nonzero entry in each column that is not all zeros is a 1, called the leading entry of the
column.

(¢) If the columns j and j + 1 are two successive columns that are not all zeros, then the leading

entry of column j + 1 is below the leading entry of column j.

We start with matrix B and show that it is possible to find a matrix C that is column equivalent to B
that satisfies

(d) If a row contains a leading entry of some column then all other entries in that row are zero.
If column j of B contains a nonzero element, then its first (counting top to bottom) nonzero element
is a 1. Suppose the 1 appears in row 7;. We can perform column operations of the form ac; + ¢ for
each of the nonzero columns ¢ of B such that the resulting matrix has row r; with a 1 in the (r}, 7)
entry and zeros everywhere else. This can be done for each column that contains a nonzero entry hence
we can produce a matrix C satisfying (d). It follows that C' is the unique matrix in reduced column
echelon form and column equivalent to the original matrix A.

—-3a—b+c=0.

Apply Exercise 18 to the linear system given here. The coefficient matrix is

Hence from Exercise 18, we have a nontrivial solution if and only if (a — r)(b — r) — ¢d = 0.

(a) A(xp+xp) =Ax, + Ax, =b+0=bh.

(b) Let x,, be a particular solution to Ax = b and let x be any solution to Ax = b. Let x; = x —x,,.
Then x = x, + x5, = X, + (X — X,) and Ax), = A(x — x,) = Ax — Ax, =b —b = 0. Thus xy, is
in fact a solution to Ax = 0.

(a) 322 +2 (b) 222 —x —1

%mQ —T+ %

(a) x=0,y=0 (b) z=5y=—-7

r= 5, r9 =9

The GPS receiver is located at the tangent point where the two circles intersect.

4Fe + 309 — 2Feq 03

No solution.
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Section 2.3, p. 124

1. The elementary matrix £ which results from I, by a type I interchange of the ith and jth row differs
from I,, by having 1’s in the (4, j) and (j,4) positions and 0’s in the (4,4) and (j, j) positions. For that
FE, EA has as its ith row the jth row of A and for its jth row the ith row of A.

The elementary matrix £ which results from I,, by a type II operation differs from I,, by having ¢ # 0
in the (7,4) position. Then FA has as its ith row ¢ times the ith row of A.

The elementary matrix £ which results from I,, by a type III operation differs from I,, by having ¢ in
the (j,7) position. Then EA has as jth row the sum of the jth row of A and ¢ times the ith row of A.

1 0 0 0 1 000 0010
0 -2 0 0 0100 0100
2. . b .
@1 o 1 o ®) 1o 01 0 © 1y 000
0o 0 0 1 0031 0001
1 0 0 1 0 0
4. (a) Add 2 times row 1 to row 3: 0 1 0|—|0 1 0|=C
|2 1 0 0 1
(1 0 O 1 0
(b) Add 2 timesrow 1 torow3: [0 1 0| — 1|0 1 0|=8B
0 0 1 2 1
1 0 O 1 0 0] 1 0 0]
(¢) AB = 0O 1 o0f|j0 1 of=1]0 1 o0
2 o0 1)Jl2 o 1] |o o 1]
(1 0 0 1 0 0] it 0 0]
BA=1|0 1 0 0O 1 o0of=1]0 1 o0
2 0 1][-2 o 1] |o o 1]
Therefore B is the inverse of A.

6. If E; is an elementary matrix of type I then El_1 = F;. Let E3 be obtained from I,, by multiplying
the ith row of I, by ¢ # 0. Let EJ be obtained from I,, by multiplying the ith row of I,, by % Then
EyE5 = I,,. Let E3 be obtained from I,, by adding ¢ times the ith row of I,, to the jth row of I,,. Let
E3 be obtained from I,, by adding —c times the ith row of I,, to the jth row of I,,. Then E3E3 = I,,.

1 -1 0
-1_| 3 1 _3
8. A7 = 2 2 2
-1 0 1
31 3 _3 _1
L =10 -1 5 3 5 —3 ~5
10. (a) Singular. (b) 1 -2 1 (c) 1 -3 1 (d) z 3 4
_3 5 _1 0 1 _1 _1 1 2
2 2 T2 2 T2 5 5 5
1 -1 0 -1
) 0 -5 0 0 .
12. (a) A™' = (b) Singular.
1 4 1 3
5 5 5
2 1 _2 _1
5 ~2 75 5
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14.

16.

18.
20.
21.

22.

23.

24.

25.

26.
27.

28.

29.

A is row equivalent to I3; a possible answer is

1 2 3 1 00 1 2 0] 1 0] [1 0 O 1 00][1 0 -1
A=101 2| =101 0 0100 1 0]]010O0 01210 1 0
1 0 3 1 01 00 1] [0 -2 1] |0 0 4 001/ [0 0 1
b o1
A=} 0 -
-1 1 0
(b) and (c).
For a = —1 or a = 3.

This follows directly from Exercise 19 of Section 2.1 and Corollary 2.2. To show that

1 d —b
A7l =
ad — be {—c a }
we proceed as follows:

1 [d —bl[a b] 1 [ad—be db—bd] [1 0
ad—bc|—c al|lc d| ad—bc |—ca+ac —bc+ad| |0 1|°

1 0 0 100 1 0 -5
(@ [0 1 ofl. ®|o10]. (@ ]0 1 0
0 0 -3 010 0 0 1

The matrices A and B are row equivalent if and only if B = EyFEy_1 -+ ExFp A.
Let P = EkEk,1 s EgEl.

If A and B are row equivalent then B = PA, where P is nonsingular, and A = P~!B (Exercise 23). If
A is nonsingular then B is nonsingular, and conversely.

Suppose B is singular. Then by Theorem 2.9 there exists x # 0 such that Bx = 0. Then (AB)x =
A0 = 0, which means that the homogeneous system (AB)x = 0 has a nontrivial solution. Theorem
2.9 implies that AB is singular, a contradiction. Hence, B is nonsingular. Since A = (AB)B~! is a
product of nonsingular matrices, it follows that A is nonsingular.

Alternate Proof: If AB is nonsingular it follows that AB is row equivalent to I,,, so P(AB) = I,,. Since
P is nonsingular, P = EyFEy_1--- EsEy. Then (PA)B = I, or (ExEr_1---E2E1A)B = I,,. Letting
EyEyp_1---FEyFE1A = C, we have CB = I, which implies that B is nonsingular. Since PAB = I,,,
A =P 1B7! s0 A is nonsingular.

The matrix A is row equivalent to O if and only if A = PO = O where P is nonsingular.

The matrix A is row equivalent to B if and only if B = PA, where P is a nonsingular matrix. Now
BT = ATPT so A is row equivalent to B if and only if AT is column equivalent to BT .

If A has a row of zeros, then A cannot be row equivalent to I,,, and so by Corollary 2.2, A is singular.
If the jth column of A is the zero column, then the homogeneous system Ax = 0 has a nontrivial
solution, the vector x with 1 in the jth entry and zeros elsewhere. By Theorem 2.9, A is singular.

(a) No. Let A = [é 8}, B = {8 (1)] Then (A + B)~! exists but A=! and B~! do not. Even
supposing they all exist, equality need not hold. Let A = [1], B = [2] so (A+ B)™' = [§] #
[1]+[3]=4""'+B%
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30.

31.

Chapter 1
(b) Yes, for A nonsingular and r # 0.

(rA) {%Al} =r H A-A =11, =1,.

Suppose that A is nonsingular. Then Ax = b has the solution x = A~ 'b for every n x 1 matrix b.
Conversely, suppose that Ax = b is consistent for every n x 1 matrix b. Letting b be the matrices

1 0 0
1 0
eg=|:|, e= 0 s eeey €=,
: 0
0 0 1
we see that we have solutions x1, X2, ..., X, to the linear systems
Axy =e;, Axs=ey, ..., Ax, =e,. (%)

Letting C' be the matrix whose jth column is x;, we can write the n systems in (x) as AC = I,,, since
I, = [el ey .- en]. Hence, A is nonsingular.

We consider the case that A is nonsingular and upper triangular. A similar argument can be given for
A lower triangular.

By Theorem 2.8, A is a product of elementary matrices which are the inverses of the elementary
matrices that “reduce” A to I,,. That is,

A=FE' BN

The elementary matrix F; will be upper triangular since it is used to introduce zeros into the upper
triangular part of A in the reduction process. The inverse of E; is an elementary matrix of the same
type and also an upper triangular matrix. Since the product of upper triangular matrices is upper
triangular and we have A~ = Ej --- E; we conclude that A~! is upper triangular.

Section 2.4, p. 129

1.

See the answer to Exercise 4, Section 2.1. Where it mentions only row operations, now read “row and
column operations”.

I,

() [0] b) L. (o) H? 8] (d) In.

. Allowable equivalence operations (“elementary row or elementary column operation”) include in par-

ticular elementary row operations.

A and B are equivalent if and only if B = E;--- EoEWAF\Fy -+ Fs. Let E By _q--- EoFEy = P and
APy Fy=Q.

-1 2 0 1 0 -1

I 0
B= {02 o]; a possible answer is: B=| 1 —1 0| A|0 1 -1
-1 1 1 0 0 1
Suppose A were nonzero but equivalent to O. Then some ultimate elementary row or column operation

must have transformed a nonzero matrix A, into the zero matrix O. By considering the types of
elementary operations we see that this is impossible.
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9. Replace “row” by “column” and vice versa in the elementary operations which transform A into B.

10. Possible answers are:
1 -2 3 0

(a) |0 =1 4 3{. (b) [
0 2 -5 =2

1 0 0 0 0
} () lo 1 -2 0 2
0 5 5 4 4

10
00

11. If A and B are equivalent then B = PAQ and A = P~'BQ~'. If A is nonsingular then B is nonsingular,
and conversely.

Section 2.5, p. 136

0
2. x= | =2
L 3]
oy
1
4 x =
X 0
L 5]
100 3 1 -2 -3
6. L= 1ol,u=| 0 6 2|,x=]| 4
5 31 0 0 —4 1
T 100 0 5 4 0 1 1
6100 0 3 2 1 —2
L= - -
8 12107 0 0 -4 1'% 5
|2 3 21 0 0 0 -2 4
-1 0 0 0 4 1 025 —05 ~15
02 1 0 0 0 04 12 -25 42
]. . L: = —
0 04 08 1 0o'Y" o o0 —oss 2% 2.6
9 12 —04 1 0 0 0 —25 -9

Supplementary Exercises for Chapter 2, p. 137

2. (a) a=—4ora=2.

(b) The system has a solution for each value of a.

4. ¢+2a—-3b=0.

5. (a) Multiply the jth row of B by .
(b) Interchange the ith and jth rows of B.
(¢) Add —Fk times the jth row of B to its ith row.
6. (a) If we transform E; to reduced row echelon form, we obtain I,,. Hence E is row equivalent to I,

and thus is nonsingular.

(b) If we transform Es to reduced row echelon form, we obtain I,,. Hence Es is row equivalent to I,
and thus is nonsingular.
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12.

13.

Chapter 2

(c) If we transform FEj5 to reduced row echelon form, we obtain I,,. Hence Ej5 is row equivalent to I,
and thus is nonsingular.

1 —a a® -d
0 1 —-a a?
0 O 1 —a
0 0 0 1
—41 83
(a) 47 (b) | —45
—-35 —62
s#0, £/2.

For any angle 6, cosf and sin @ are never simultaneously zero. Thus at least one element in column 1
is not zero. Assume cosf # 0. (If cosf = 0, then interchange rows 1 and 2 and proceed in a similar
manner to that described below.) To show that the matrix is nonsingular and determine its inverse,

we put
10
01

1
cos 6

cosf sinf
—sinf cosf

times row 1 and sin @ times row 1 added to

into reduced row echelon form. Apply row operations
row 2 to obtain

sin 0 1
1 0
cos 6 cos 6
sin” 0 sin 0
0 + cos 6 1
cos cos 6
Since
sin? 0 sin? 6 + cos? 0 1
+ cosf = = ,
0s 6 cos cos

sin 6
cos 0

the (2,2)-element is not zero. Applying row operations cosf times row 2 and (— ) times row 2

added to row 1 we obtain
10
01 )

It follows that the matrix is nonsingular and its inverse is

cosf) —sinf

sin 6 cos

cosf —sind
sind  cosf |’
(a) Au+v)=Au+Av=0+0=0.
(b) A u—v)=Au—Av=0-0=0.
(¢) A(ru) =r(Au) =70=0.
(d) A(ru+ sv) =r(Au) + s(Av) =r0+ s0 = 0.
If Au=b and Av =b, then A(lu—v)=Au—-—Av=b—-b=0.
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16.

17.

18.

20.

21.

Suppose at some point in the process of reducing the augmented matrix to reduced row echelon form
we encounter a row whose first n entries are zero but whose (n 4+ 1)st entry is some number ¢ # 0. The
corresponding linear equation is

O-z14+---4+0-2z,=c or 0=c.
This equation has no solution, thus the linear system is inconsistent.

Let u be one solution to Ax = b. Since A is singular, the homogeneous system Ax = 0 has a nontrivial
solution ug. Then for any real number r, v = ruy is also a solution to the homogeneous system. Finally,
by Exercise 29, Sec. 2.2, for each of the infinitely many vectors v, the vector w = u + v is a solution
to the nonhomogeneous system Ax = b.

s=1,t=1.
If any of the diagonal entries of L or U is zero, there will not be a unique solution.

The outer product of X and Y can be written in the form

o1y oy o oy
oyT_ | P (i 2 - Unl
o ly1 Y2 o Yn

If either X = O or Y = O, then XY7T = O. Thus assume that there is at least one nonzero component
in X, say z;, and at least one nonzero component in Y, say y;. Then (i) Row;(XYT) makes the ith
row exactly Y. Since all the other rows are multiples of Y7, row operations of the form —z,R; + R,,

for p # i, can be performed to zero out everything but the ith row. It follows that either XY 7 is row
equivalent to O or to a matrix with n — 1 zero rows.

Chapter Review for Chapter 2, p. 138

True or False

1.
6.

Quiz

False. 2. True. 3. False. 4. True. 5. True.
True. 7. True. 8. True. 9. True. 10. False.
1 0 2

013

000

(a) No

(b) Infinitely many.

(c) No.

—6+2r+7s
(d) x= —gs , where r and s are any real numbers.
s

k = 6.
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0
4. 1o
0

M_1 1 1

2 2 2

5.1 1 -1 0

_1 3 _1

L 2 2 2

6. P=A"1,Q=8.

7. Possible answers: Diagonal, zero, or symmetric.

Chapter 2



Chapter 3

Determinants

Section 3.1, p. 145
2. (a) 4. (b) 7. (c) 0.

4. (a) odd. (b) even. (c) even.

6. (a) — (b) +. (c) +.

) 7.

8. (a

10. det (A) = (11022033044 — 011022034043 — 11023032044 + 411023034042 + Q11024032043 — 411024033042+ *

(24 summands).
12. (a) — (b) —36. (c) 180.
14. (a) t* — 8t — 20. (b) t3 —t.
16. (a) t=10,t = —2. (b)yt=0,t=1,t=—1.

Section 3.2, p. 154
2. (a) 4. (b) —=24. (c) —=30. (d) 72. (e) —120. (f)O.
-2,
(a) det(A) = —7, det(B) = 3. (b) det(A) = —24, det(B) = —30.
Yes, since det(AB) = det(A) det(B) and det(BA) = det(B) det(A).

© o e

Yes, since det(AB) = det(A) det(B) implies that det(A) = 0 or det(B) = 0.

10. det(cA) = D> (£)(carj, )(cass,) - - - (canj, ) = " Y (£)aij, azj, - - - anj, = " det(A).

11. Since A is skew symmetric, AT = —A. Therefore
det(A) = det(AT) by Theorem 3.1
= det(—A) since A is skew symmetric
= (—=1)"det(A) by Exercise 10
= —det(A) since n is odd

The only number equal to its negative is zero, so det(A) = 0.
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12. This result follows from the observation that each term in det(A) is a product of n entries of A, each
with its appropriate sign, with exactly one entry from each row and exactly one entry from each column.

13. We have det(AB~1) = (det A)(det B~!) = (det A) (diB)
e

14. If AB =1, then det(AB) = det(A) det(B) = det(I,,) = 1, so det(A) # 0 and det(B) # 0.
15. (a) By Corollary 3.3, det(A~!) = 1/det(A). Since A = A~1, we have

1
~ det(A)

det(A) —  (det(A))? = 1.

Hence det(A4) = £1.
(b) If AT = A=1, then det(AT) = det(A~!). But
1
det(A)

det(A) = det(AT) and det(A™!) =

hence we have
1
~ det(A)

det(A) —  (det(A)2=1 = det(A) = £L.

16. From Definition 3.2, the only time we get terms which do not contain a zero factor is when the terms
involved come from A and B alone. Each one of the column permutations of terms from A can be
associated with every one of the column permutations of B. Hence by factoring we have

A O '
det <[O B}) = Z(terms from A for any column permutation)|B]|

= |B| Z(terms from A for any column permutation)
= (det B)(det A) = (det A)(det B).
17. If A%2 = A, then det(A?) = [det(A)]? = det(A), so det(A) = 1. Alternate solution: If A2 = A and A is
nonsingular, then A='A%2 = A='A =1,,s0o A= I, and det(A) = det(I,) = 1.
_ 1
~ det(A)
19. From Definition 3.2, the only time we get terms which do not contain a zero factor is when the terms
involved come from A and B alone. Each one of the column permutations of terms from A can be
associated with every one of the column permutations of B. Hence by factoring we have
A O
C B

18. Since AA™! =1,,, det(AA™1) = det(I,,) = 1, so det(A) det(A~1) = 1. Hence, det(A™1!)

' = Z (terms from A for any column permutations)|B]|

= |B] Z (terms from A for any column permutation)

= [B[|A]

20. (a) det(ATBT) = det(AT) det(BT) = det(A) det(BT).
d

(
(b) det(ATBT) = det(AT) det(B”) = det(AT) det(B).
1 a a? 1 a a?
22. |1 b b|=|0 b—a b —a?
1 ¢ ¢ 0 c—a c—a?
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24.
26.

28.

29.

30.

31.

32.

33.

34.
36.

37.

(a) and (b).
(a) t 0. (b) t#£+1.  (c) t#0,+1.
The system has only the trivial solution.

If A= [aij] is upper triangular, then det(A) = ajjass - - anp, so det(A) # 0 if and only if a;; # 0 for
i=1,2,....n.

(a) I3

(b) Only the trivial solution.

(a) A matrix having at least one row of zeros.
(b) Infinitely many.

If A% = A, then det(A?) = det(A), so [det(A)]?> = det(A). Thus, det(A)(det(A) — 1) = 0. This implies
that det(A) =0 or det(A) = 1.

If A and B are similar, then there exists a nonsingular matrix P such that B = P~1AP. Then

det(B) = det(P~'BP) = det(P~") det(A) det(P) = det(P)det(A) = det(A).

1
det(P)

If det(A) # 0, then A is nonsingular. Hence, A~'AB = A=YAC, so B = C.

In MATLAB the command for the determinant actually invokes an LU-factorization, hence is closely
associated with the material in Section 2.5.

For e = 107°, MATLAB gives the determinant as —3 x 10~° which agrees with the theory; for e = 10714,
—3.2026 x 10714; for e = 1071%, —6.2800 x 10~1%; for e = 10716, zero.

Section 3.3, p. 164

2.
4.

12.

13.

—23.  (b)7. ()15 (d) —28.

)

a) 3. (0. ()3  (d)6.

)2, ()24, (f) —30.
)

—24.  (d)72.  (e) —120.

. We proceed by successive expansions along first columns:
A22 Q23 - G2p agz3 @34 - Aa3p
0 asz3 -+ asn 0 ass - aan
det(A) = a1 | . . . | =aan| | . .| = =anan - ang.
0 0 Ann 0 0 Ann

t=1,t=—1¢t=—2.

(a) From Definition 3.2 each term in the expansion of the determinant of an n x n matrix is a product
of n entries of the matrix. Each of these products contains exactly one entry from each row and
exactly one entry from each column. Thus each such product from det(tl,, — A) contains at most
n terms of the form ¢t — a;;. Hence each of these products is at most a polynomial of degree n.
Since one of the products has the form (¢ — a11)(t — ag2) - -+ (t — any) it follows that the sum of
the products is a polynomial of degree n in t.
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(b) The coefficient of t" is 1 since it only appears in the term (t — a11)(t — agq) - -+ (¢ — apyn) which
we discussed in part (a). (The permutation of the column indices is even here so a plus sign is
associated with this term.)

(c¢) Using part (a), suppose that
det(tl, — A) =t" +cit" +eot™ 2+t +cp.

Set t = 0 and we have det(—A) = ¢, which implies that ¢,, = (—1)" det(A). (See Exercise 10 in
Section 6.2.)

14. (a) f(t) =t2 =5t —2, det(A) = —2.
(b) f(t) =13 —t* — 13t — 26, det(A) = 26.
(c) f(t)=1t>—2t, det(A) = 0.

16. 6.

18. Let Pi(z1,y1), Po(x2,y2), Ps(x3,ys) be the vertices of a triangle 7. Then from Equation (2), we have

1 zr oy 1
area of T' = 3 det | |22 y2 1 = L |z1y2 + Y123 + Toys — T3Y2 — Y3T1 — T2y
z3 ys 1

Let A be the matrix representing a counterclockwise rotation L through an angle ¢. Thus

A |:COS¢ —sinﬂ

sing  cos¢

and Py, Py, Pj are the vertices of L(T), the image of T. We have

I ( _x1_> _ (21 cos¢ —y1sin @]
K | z18ing +yicosg |’
I <x2> _ (25 cos ¢ — yasin @ |
| Y2 | | T28ing +yacos¢ |’
I < _3:3_> _ [x3cos¢ — y3sin @]
| Y3 ] | 38in ¢ +yzcos¢g |’

Then

1 T1Ccos¢p —y1sing z1sing+yjcosg 1
area of L(T) = 3 det Lo COSP —Yosing xosing +yscosd 1
T3CO0S¢ —yssing xgsing +yscosgp 1
= % |(x1 cos ¢ — yy sin @) [x2 sin ¢ + y2 cos p — x3 sin ¢ — y3 cos @)
+ (22 cos d — Yo sin @)[x3 sin ¢ + y3 cos ¢ — x1 sin ¢ — y; cos @]
+(23 cos ¢ — y3sin @) [z sin @ + y;1 cos ¢ — x9 sin d — ya cos @
= % |x1y2 + Y123 + T2Y3 — T3Y2 — T1Y3 — 332y1|
= area of T

19. Let T be the triangle with vertices (x1,y1), (z2,y2), and (z3,ys). Let

[
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and define the linear operator L: R? — R? by L(v) = Av for v in R2. The vertices of L(T) are
(ax1 + byr,cx1 +dyr), (axe + bys,cxa + dy2), and (azs + bys,cxs + dys).
Then by Equation (2),
Area of T = % |x1y2 — T1Ys — Tay1 + Tays + T3y1 — T3Y2|
and
Area of L(T) = % laz1dys — az1dys — axadyr + axadys + axsdy; — axsdys
—bcxys + bewyys + bexayr — berays — bewsyr + bexzys|
Now,
|det(A)] - Area of T' = |ad — bc| % |12 — T1Y3 — T2y1 + T2ys + T3y — T3Y2]
= % lax1dys — ax1dys — axady; + axadys + axsdy; — axzdys

—bex1ys + bexyys + bexayr — bexays — bexsyr + bexsys|
= |Area of L(T)|

Section 3.4, p. 169

2 —7 —6
2. () | 1 -7 —-3|. (b)-T.
—4 7 5
-3 1 %
4. |2 1
$ -1 -3

6. If A is symmetric, then for each ¢ and j, Mj; is the transpose of M;;. Thus Aj; = (—1)7 | M| =
(=1)"™ M| = Ayj.

8. The adjoint matrix is upper triangular if A is upper triangular, since a;; = 0 if ¢ > j which implies

1 be(c—b) acla—c) ablb—a)

10. b2 — 2 —a? a? —b?
(b—a)(c—a)(c—0) c—b ‘e b—a
1 -6 -2 9
12. ~%1 0 8 —12
0 0 -—-12

13. We follow the hint. If A is singular then det(A) = 0. Hence A(adj A) = det(A) I, =0, = O. If adj A
were nonsingular, (adj A)~! exists. Then we have

A(adj A)(adj A)"' = A=0(adj A)"! =0,

that is, A = O. But the adjoint of the zero matrix must be a matrix of all zeros. Thus adj A = O so
adj A is singular. This is a contradiction. Hence it follows that adj A is singular.

14. If A is singular, then adj A is also singular by Exercise 13, and det(adj A) = 0 = [det(A)]" L. If A is
nonsingular, then A(adj A) = det(A)I,. Taking the determinant on each side,

det(A) det(adj A) = det(det(A)IL,) = [det(A)]™.
Thus det(adj A) = [det(A)]" L.
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Section 3.5, p. 172

2. l‘1:1,$2:—1,l‘3:0,$4:2.
4. 1‘12171'222,1‘3:—2.

2
6. 1'1:1,1'215,.%3:7

wWin

Supplementary Exercises for Chapter 3, p. 174

2. (a)t=1,4 (b)t=3,4-1. ()t=1,2,3  (d)t=-31, -1

3. If A™ = O for some positive integer n, then

0 =det(O) = det(A™) =det (AA--- A) = det(A) det(A) ---det(A) = (det(A))™.

n times n times
It follows that det(A) = 0.
a 1D a—b 1 b a—b 1 a
4. (&) |b 1 ¢ =|b—c 1 ¢ =|b—c 1 b
1 _lesteier c—a 1l a 14 escs c—a 1 c
1 a a® 1 a a?
(b) |1 b? =10 b—a (b+a)b—a)
2 _ _
1 —ri+rp—r; —ri+rz3—rg 0 c-a (C + )(C ) —aci+ca—ca; —a?ci+cz—cs
1 0 0 1 0 0
=10 b—a (b+a)(b—a) =10 b—a —c(b—a)
0 c—a (c+a)(c—a) (atbic)ertescs 0 c—a —b(c—a)
1 a be 1 a be
=10 b—a —c(b—a) =1 cal.
0 c—a —blc—a) 1 ab

ri+re—ro; ri+rz3—r3

5. If A is an n X n matrix then

det(AAT) = det(A) det(AT) = det(A) det(A) = (det(A))>.

Chapter 3

aci+ca—cz; beei+cz—cy

(Here we used Theorems 3.9 and 3.1.) Since the square of any real number is > 0 we have det(AAT) > 0.

6. The determinant is not a linear transformation from R, to R! for n > 1 since for an arbitrary scalar

¢, det(cA) = " det(A) # cdet(A).

7. Since A is nonsingular, Corollary 3.4 implies that

1
Al = dj A).
der(a) 4 A)
Multiplying both sides on the left by A gives
1
AA Y =1, = A (adj A).
dera) A adi )
Hence we have that 1
djA)t=——4
(adj A" = Gy

From Corollary 3.4 it follows that for any nonsingular matrix B, adj B = det(B) B~1. Let B = A~}

and we have )
: A—l _ A—l —1\—1 — _ : —1.
adj ( ) = det( )(A™H) —det(A) A= (adj A)
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8.

10.

11.

If rows ¢ and j are proportional with ta;, = ajx, ¥ = 1,2,...,n, then

det(A) = det(A) —¢r;4r;—r;, =0

since this row operation makes row j all zeros.

. Matrix @ is n x n with each entry equal to 1. Then, adding row j to row 1 for j = 2, 3, ..., n, we have
1—-n 1 | 1 o 0 0 --
1 1-n 1 -+ 1 1 1-n 1 --- 1
det(Q —nl,)=| . . = . |=0
1 1 1 1—n 1 1 1 1—n

by Theorem 3.4.

If A has integer entries then the cofactors of A are integers and adj A has only integer entries. If A is
nonsingular and
1

-1 _
A= det(A)

adj A

1
has integer entries it must follow that ———— times each entry of adj A is an integer. Since adj A

det(A)

has integer entries must be an integer, so det(A) = +1. Conversely, if det(A) = +1, then A is

1
det(A)

nonsingular and A~! = 4+1adj A implies that A~! has integer entries.

If A and b have integer entries and det(A) = +1, then using Cramer’s rule to solve Ax = b, we find
that the numerator in the fraction giving x; is an integer and the denominator is 1, so x; is an integer
fori=1,2,...,n.

Chapter Review for Chapter 3, p. 174

True or False

1.

Quiz
1.

- W

False. 2. True. 3. False. 4. True. 5. True. 6. False.

7. False. 8. True. 9. True. 10. False. 11. True. 12. False.
—54.

False.

—1.

-2

Let the diagonal entries of A be di1,...,dn,. Then det(A) = di; - dpy,. Since A is singular if and

only if det(A) = 0, A is singular if and only if some diagonal entry d;; is zero.

19.
1 5
-3 32 !
A7l =| 1 -3 -1
-1 4 1
det(A) = 14. Therefore z; = &, 2y = -2, 23 = —2.
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Real Vector Spaces

Section 4.1, p. 187
2. (=5,7)
y
(=5,7) 71
5+
3+
G|
53 -1 | 1 3 5
4. (1,-6,3).
6. a=-2,b=-2,¢c=-5.
07
-2
8. (a) [ ] (b) {-3].
4 6]
.
10. (a) [“;]. ) | 3.
~3]
(37 [0
12. (a) u+v=|2|,2u—v= 4],3u—2v:[
1 4] L5
3 [ 3
(b) u+v=|1]|,2u-v= —4],3u—2v—{
1] | 11

4
-7
18

o

3
6
9

] |
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14.

16.

18.

20.

22.

23.

Chapter 4

3 5 3
(¢) u+v=|1|,2u-v=|-1|,3u-2v=| -2|,0-3v=| -3
—6 —11 —12
(a) r=2. (b) s=3%. (¢c) r=3,s=—-2.
Cc1 = ]., Cy = —2.
Impossible.
cp=7r,cg=285,c3==t.
(U5} —u1
Ifu= |us |, then (-l)u= | —us | = —u.
us —us

Parts 2-8 of Theorem 4.1 require that we show equality of certain vectors. Since the vectors are column
matrices, this is equivalent to showing that corresponding entries of the matrices involved are equal.
Hence instead of displaying the matrices we need only work with the matrix entries. Suppose u, v, w
are in R? with ¢ and d real scalars. It follows that all the components of matrices involved will be real
numbers, hence when appropriate we will use properties of real numbers.

(<U+V) +W)i = (ul -‘r’l)i) + w;

Since real numbers u; + (v; +w;) and (u; + v;) + w; are equal for ¢ = 1, 2, 3 we have u+ (v +w) =
(u+v)+w.

B)  (u+0);=

Since real numbers u; + 0, 0 4+ u;, and u; are equal for i =1, 2, 3 we haveu+0=0+u = u.

(4) (u+ (—u)); = ui + (—us)
(0); =0

Since real numbers u; + (—u;) and 0 are equal for i =1, 2, 3 we have u + (—u) = 0.

(5)  (c(a+v))i = c(u; +v;)
(cu+ cv); = cu; + cv;

Since real numbers c(u; + v;) and cu; + cv; are equal for ¢ = 1, 2, 3 we have c(u+ v) = cu + cv.

6)  ((c+du); = (c+du;
(cu+ du); = cu; + du;

Since real numbers (¢ + d)u; and cu; + du; are equal for ¢ = 1, 2, 3 we have (¢ + d)u = cu + du.

(7)) (c(du)); = c(du;)
((cd)u); = (cd)uy

Since real numbers ¢(du;) and (cd)u; are equal for i = 1, 2, 3 we have ¢(du) = (ed)u.

()i = u;

Since real numbers 1u; and wu; are equal for ¢ = 1, 2, 3 we have lu = u.

The proof for vectors in R? is obtained by letting i be only 1 and 2.
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Section 4.2, p. 196

1.

8.

10
12
13
14
15

16.

(a) The polynomials t? +t and —t? — 1 are in P, but their sum (2 +t) + (—t?> — 1) =t — 1 is not in
P,.

(b) No, since 0(¢? + 1) = 0 is not in P;.

(a) No.

(b) Yes.

() 0= {8 8]
a b

(d) Yes. If A = L d] € V, then abed = 0. Let —A = [

—A € V since (—a)(=b)(—c)(—d) = 0.

(e) No. V is not closed under scalar multiplication.

—a —b
—c —d

00

Then A —A =
] en A [oo

} and

2 1
No, since V is not closed under scalar multiplication. For example, v = [4} €V, but %@V = {2} gV,
U1 V1 w1
Ui V2 w2
Letu=|  [,v=] . |, w=
Unp Un Wn,
(1) For each i = 1,...,n, the ith component of u + v is u; + v;, which equals the ith component

v; +u; of v+ u.

Wi+ (v +w;) = (ug +v;) + w.
, U +0=04u; = u,.

U+ (—ug) = (—u;) +u; = 0.

(2) Foreachi=1,...,n
3) n
(4) n
(5) Foreachi=1,...,n, c(u; +v;) = cu; + cv;.
(6) n
(7) n
(8) n

Foreachi=1,...,

Foreachi=1,...,

, (¢ + d)u; = cu; + du;.
, c(du;) = (ed)u;.

,1-ui=ui.

Foreachi=1,...,
Foreachi=1,...,

Foreachi=1,...,
P is a vector space.

(a) Let p(t) and ¢(t) be polynomials not both zero. Suppose the larger of their degrees is n. Then
p(t) + q(t) and ¢p(t) are computed as in Example 5. The properties of Definition 4.4 are verified
as in Example 5.

Property 6.

. Properties 4 and (b).

. The vector 0 is the real number 1, and if u is a vector (that is, a positive real number) then u=! is %
. The vector 0 in V is the constant zero function.

. Verify the properties in Definition 4.4.

. Verify the properties in Definition 4.4.

No.
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17. No. The zero element for & would have to be the real number 1, but then u = 0 has no “negative”
v such that u®v = 0-v = 1. Thus (4) fails to hold. (5) fails since ¢ ® (u ®v) = ¢ + (uv) #
(c+u)(c+Vv)=cOudcov. Etc.

18. No. For example, (1) fails since 2u — v # 2v — u.
19. Let 0; and 05 be zero vectors. Then 07 @ 09 = 0; and 0; ® 03 = 05. So 0; = 05.
20. Let u; and uy be negatives of u. Then u®u; =0 and uduy =0. Soud u; = ud ug. Then
u®udu)=u ®UPuy)
(uy ®u)®u; = (u; Gu) duy
0Pu =040 us

u; = Usg.

2. (b)) c0=co(0®0)=c00®c®0s0c®0=0.

(c) Let cou=0. If ¢ # 0, then 1 ®(cOu) =1 ©0=0. Now 1 ©(cOou) = [(1) (¢)]]ou=10u=nu,
sou=0.

22. Verity as for Exercise 9. Also, each continuous function is a real valued function.
23. v (—v)=0,s0 —(—v) = .

24. fu®v =u®w, add —u to both sides.

25. fa®u=>b@®u, then (¢ —b) ®u = 0. Now use (c) of Theorem 4.2.

Section 4.3, p. 205

2. Yes.

4. No.

6. (a) and (c)

8. (a).

10. (c).

12. (a) Let
aq 0 bl az 0 b2

A= 0 ¢ O and B=| 0 ca 0

d1 0 €1 d2 0 €2

be any vectors in W. Then

a1 + as 0 b1 + bo
A+ B= 0 c1+co 0
dy + ds 0 e+ e

is in W. Moreover, if k is a scalar, then

ka1 0 kbl
kA= 0 kCl 0
kdy 0 key

is in W. Hence, W is a subspace of M33.
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14.

16.
18.
20.
21.
22.
23.
24.
25.

49

Alternate solution: Observe that every vector in W can be written as

a 0 b 100 001 000 000 000
0 ¢c0l=a|0O0O0[+b[00O0|+c|01O0|+d|0OO0O0|+e|0O0O0f,
d 0 e 000 000 000 100 001
so W consists of all linear combinations of five fixed vectors in Mss. Hence, W is a subspace of
Mss.
We have

w0 b= [e5a]

so Aisin W if and only if a + b =0 and ¢+ d = 0. Thus, W consists of all matrices of the form
a —a
c —c|’

A1: |:a1 _a1:| and AQZ |:a2 _a2:|
c1 —C C2  —C2

Now if

are in W, then

A+ Ay = [01 _a1:| n [az —as | _ [a1+a2 —(a1+a2)}

. —C Ccy —C2 | caa+te —(c1+c2)

is in W. Moreover, if k is a scalar, then

kAlzk{al _al] [ Fay —(k‘al)}

ci —C1 - _kCl —(k‘Cl)

is in W. Alternatively, we can observe that every vector in W can be written as

[a —a} a{l —1}+C{O O}

¢ —c 0 0 1 -1’

so W consists of all linear combinations of two fixed vectors in M. Hence, W is a subspace of Mss.
(a) and (b).

(b) and (c).

(a), (b), (c), and (d).

Use Theorem 4.3.

Use Theorem 4.3.

Let x; and x5 be solutions to Ax = b. Then A(x; + x2) = Ax; + Axo =b+b #b if b #£0.

{o0}.

Since
1 21 t 0
10 1| |=t|=]0],
2 6 4 t 0

t
it follows that | —t | is in the null space of A.
t



50

26.
27.

28.

29.

30.

31.

32.

34.

Chapter 4

We have cxg + dxo = (¢ + d)xg is in W, and if r is a scalar then r(cxg) = (rc¢)xg is in W.

No, it is not a subspace. Let x be in W so Ax # 0. Letting y = —x, we have y is also in W and
Ay # 0. However, A(x+y) =0, so x +y does not belong to W.

Let V be a subspace of R! which is not the zero subspace and let v # 0 be any vector in V. If u is
any nonzero vector in R', then u = [%] v, so R! is a subset of V. Hence, V = R!.

Certainly {0} and R? are subspaces of R?. If u is any nonzero vector then span {u} is a subspace of
R2. To show this, observe that span {u} consists of all vectors in R? that are scalar multiples of u. Let
v = cu and w = du be in span {u} where ¢ and d are any real numbers. Then v4+w = cu+du = (¢+d)u
is in span {u} and if k is any real number, then kv = k(cu) = (kc)u is in span {u}. Then by Theorem
4.3, span {u} is a subspace of R2.

To show that these are the only subspaces of R? we proceed as follows. Let W be any subspace of R2.
Since W is a vector space in its own right, it contains the zero vector 0. If W # {0}, then W contains a
nonzero vector u. But then by property (b) of Definition 4.4, W must contain every scalar multiple of
u. If every vector in W is a scalar multiple of u then W is span {u}. Otherwise, W contains span {u}
and another vector which is not a multiple of u. Call this other vector v. It follows that W contains
span {u,v}. But in fact span {u,v} = R%. To show this, let y be any vector in R? and let

R
Ug (] Y2

We must show there are scalars ¢; and ¢y such that cyu + cov = y. This equation leads to the linear

uy U1 C1 yl
U2 V2 C2 y2

Consider the transpose of the coefficient matrix:

T
Uy U1 o Uy U
[uz U2] B Lfl UJ '
This matrix is row equivalent to I since its rows are not multiples of each other. Therefore the matrix
is nonsingular. It follows that the coefficient matrix is nonsingular and hence the linear system has a

solution. Therefore span {u, v} = R?, as required, and hence the only subspaces of R? are {0}, R?, or
scalar multiples of a single nonzero vector.

(b) Use Exercise 25. The depicted set represents all scalar multiples of a nonzero vector, hence is a
subspace.

We have

a b ¢ a b a+b 1 0 1 0 1 1
[ ]_L‘ }—a[l }—l—b[o 0 O}—awl—l-ng.

Every vector in W is of the form [Z

a b 10 01 00
{ ]:a[ ]+b{ ]+c[ }:avl—l—ng—&-cv&

b
] , which can be written as
c

b c 00 10 01

v—10 v—01 andv—OO
Yool P l1 0]’ 57 0o 1]”

where

(a) and (c).
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35. (a) The line Iy consists of all vectors of the form

T U
yl =t |v
Z w

Use Theorem 4.3.
(b) The line [ through the point Py(xo,yo, z0) consists of all vectors of the form

T o U
y| = |y | +t|v
z 20 w

If Py is not the origin, the conditions of Theorem 4.3 are not satisfied.

36. (d)

38. (a) z =3+4t, y=4—-"5t, z=—-2+21. (b)x=3—-2t,y=2+5t, z=4+1.

ol

42. Use matrix multiplication cA where c is a row vector containing the coefficients and matrix A has rows

that are the vectors from R,,.

Section 4.4, p. 215
2. (a) 1 does not belong to span S.

0
(b) Span S consists of all vectors of the form [((l)] , where a is any real number. Thus, the vector [1]

is not in span S.

¢) Span S consists of all vectors of Mss of the form a b , where a and b are any real numbers.
b a

Thus, the vector [; ﬂ is not in span S.
4. (a) Yes. (b) Yes. (c) No. (d) No.

6. (d).
8. (a) and (c).

10. Yes.
0 1
-2 0
12.
11710
0 1

13. Every vector A in W is of the form A = {a
c

e R r R i R

so A is in span S. Thus, every vector in W is in span S. Hence, span S = W.

} , where a, b, and ¢ are any real numbers. We have
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16.

Chapter 4

1 0 0 010 001 0 00 0 0 O 0 00
Sz{O00,000,000,100,010,0017
0 0 -1 00O 000 0 00 0 0 -1 000
000 0 00
000,000
100 010

From Exercise 43 in Section 1.3, we have Tr(AB) = Tr(BA), and Tr(AB—BA) = Tr(AB)—Tr(BA) = 0.
Hence, span T is a subset of the set S of all n x n matrices with trace = 0. However, S is a proper
subset of M,,,.

Section 4.5, p. 226

1.

10.
12.

14.
16.
18.

19.

20.

We form Equation (1):

2 3 10 0
ci |1 +co|—1| +c3 0ol =10],
3 2 10 0

which has nontrivial solutions. Hence, S is linearly dependent.

We form Equation (1):

1 0 2 0
c1 |2 +c2|1| +c3|0] =1]0{,
1 1 1 0

which has only the trivial solution. Hence, S is linearly independent.
No.

Linearly dependent.

Linearly independent.

Yes.

(b) and (c) are linearly independent, (a) is linearly dependent.
4 6 11 10 0 3
el R T P

Only (d) is linearly dependent: cos2t = cos®t — sin®t.
c=1.
Suppose that {u, v} is linearly dependent. Then c;u + cav = 0, where ¢; and ¢y are not both zero.

Say co #0. Then v = — 2—; u. Conversely, if v = ku, then ku — 1v = 0. Since the coefficient of v is

nonzero, {u, v} is linearly dependent.

Let S = {vy,va,...,Vvi} be linearly dependent. Then a;vy + agvy + -+ + ax vy = 0, where at least
one of the coeflicients a1, as, ..., ay is not zero. Say that a; # 0. Then
o ai a2 aj—1 aj1 (475
vj——fvl—va—~-~— ) ijl_ . Vj+1—~-~—ka.
aj; aj; aj; a; aj;

Suppose a1 Wi + asWa + agws = a1(vy + va + v3) + a2(va + v3) + azvy = 0. Since {vy,va,vs3} is
linearly independent, a; = 0, a; + a2 = 0 (and hence as = 0), and a3 +az + a3 = 0 (and hence a3z = 0).
Thus {w1, wo, w3} is linearly independent.
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21. Form the linear combination
C1W1 + CoWg + C3W3 = 0

which gives
Cl(Vl + V2) + CQ(Vl + V3) + 03(V2 + V3) = (01 + Cg)Vl + (Cl + C3)V2 + (CQ + 03)V3 =0.

Since S is linearly independent we have

C1 + Co = 0

C1 +c3 = 0

cog+c3=0
1 10(0

a linear system whose augmented matrix is [ 1 0 1|0 |. The reduced row echelon form is

01 1|0
1000
010(0
0010

thus ¢; = ¢o = ¢3 = 0 which implies that {wi, wo, w3} is linearly independent.

22. Form the linear combination
C1W1 + CoWg + C3W3 = 0

which gives
vy +ca(vy +v3) +e3(vy +va+vs) = (e1 + ¢a + ¢3)vy + (ca + ¢3)va + ¢c3vy = 0.

Since S is linearly dependent, this last equation is satisfied with ¢; + ¢o + ¢3, ¢3, and ¢o + ¢3 not all
being zero. This implies that ¢1, ¢z, and c3 are not all zero. Hence, {w1, wa, w3} is linearly dependent.

23. Suppose {v1, V2, Vvs} is linearly dependent. Then one of the v,’s is a linear combination of the preceding
vectors in the list. It must be vs since {vi,vs} is linearly independent. Thus v3 belongs to span
{v1,v2}. Contradiction.

24. Form the linear combination
1AV + coAvy + -+ cpAvy, = Aleyvi +cava + -+ e vy) = 0.
Since A is nonsingular, Theorem 2.9 implies that
c1vy+coveg+ -+ ¢, vy, = 0.

Since {v1,Va,...,v,} is linearly independent, we have ¢; = ¢o = -+ = ¢, = 0. Hence, {Avy, Avs,.. .,
Av,} is linearly independent.

25. Let A have k nonzero rows, which we denote by vi,vs, ..., vy where
vi=lan aiz 1 o apm].

Let ¢; < ¢cg < --+ < ¢ be the columns in which the leading entries of the k£ nonzero rows occur. Thus
v; = [0 00 -+ 1 @jeyy - am} that is, a;; = 0 for j < ¢; and ¢;e;, = 1. If a1 vy +agva + -+ +
AV = [O 0o --- 0], examining the cith entry on the left yields a; = 0, examining the coth entry
yields as = 0, and so forth. Therefore vi,vs,..., vy are linearly independent.
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26.

27.
28.
29.
31.

Chapter 4

k m m k
Let V; = E Qi5U;. Then w = E ijj = E bj E a0 = E E alj u;.
i=1 j=1 j=1 i=1

=1 | j=1
In R let S; = {1} and Sy = {1,0}. S; is linearly independent and Sy is linearly dependent.
See Exercise 27 above.
In MATLAB the command null(A) produces an orthonormal basis for the null space of A.

Each set of two vectors is linearly independent since they are not scalar multiples of one another. In
MATLAB the reduced row echelon form command implies sets (a) and (b) are linearly independent
while (c) is linearly dependent.

Section 4.6, p. 242

2.
4.

10.
12.

14.

16.

18.

20.

22.
24.
26.

28.

(c).
(d).

11 00 10 01 00 c1+c3 c1+ ¢y 0 0
It - h = . Th
“ {0 0]+C2 {1 J“LC:” [0 JH“ L 1] {0 0]’t o L2+c4 02+c3+c4} {o 0} ¢

first three entries imply ¢ = —c; = ¢4 = —co. The fourth entry gives co — co — ¢ = —co = 0. Thus
c; =0 fori=1, 2, 3, 4. Hence the set of four matrices is linearly independent. By Theorem 4.12, it is
a basis.

2 2 3
(b) is a basis for R¥and |1| =1|1|+2|2| -1 4
3 2 0 -1

(a) forms a basis: 5t2 — 3t + 8 = —3(t% +t) + 0t2 + 8(t? + 1).
A possible answer is {[1 1 0 —1],[0 1 2 1],[0 0 3 1]}; dimW =3.

(i

}01
0
0
0

10

)

0 10 0017 [0 0O 00O 000
0 0 0y,/0 O Of,{0 1T O0],|0 O 1|,({0 O O
0 00 100 (00O 010 001

A possible answer is {cos?¢,sin® ¢} is a basis for W; dim W = 2.

0 0 é (1) 1 -5
@ o b w0 @] o

0 1 0 ) 0 1
{3 + 52 +t,3t> — 2t + 1}.
(a) 3. (b) 2.
(a) 2. (b) 3. (c) 3. (d) 3.

1 1 1 0 1

(a) A possible answer is < |0], [0|, [1] p. (b) A possible answer is ¢ |0, [1],
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30.

32.
34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

1004 |01 0] {001 |0O0O0 {000 |00O0]].
000’000’7000 [100/010001]f
2.

The set of all polynomials of the form at® + bt? + (b — a), where a and b are any real numbers.

n

We show that {cvy,ve,..., v} is also a set of k = dim V' vectors which spans V. If v = Zaivi is a
i=1

vector in V, then

a n
vV = [?l] (CVl) + ;aivi.

Let d = max{dy,ds,...,d}. The polynomial ¢! 4+ ¢4 4 ... 4 ¢ 4+ 1 cannot be written as a linear
combination of polynomials of degrees < d.

If dimV = n, then V has a basis consisting of n vectors. Theorem 4.10 then implies the result.

Let S = {vi1,va,..., vk} be a minimal spanning set for V. From Theorem 4.9, S contains a basis T
for V. Since T spans S and S is a spanning set for V, T = S. It follows from Corollary 4.1 that k = n.

Let T = {v1,va,..., v}, m > n be a set of vectors in V. Since m > n, Theorem 4.10 implies that T
is linearly dependent.

Let dim V = n and let S be a set of vectors in V' containing m elements, m < n. Assume that S spans
V. By Theorem 4.9, S contains a basis T for V. Then T must contain n elements. This contradiction
implies that S cannot span V.

Let dim V' = n. First observe that any set of vectors in W that is linearly independent in W is linearly
independent in V. If W = {0}, then dim W = 0 and we are done. Suppose now that W is a nonzero
subspace of V. Then W contains a nonzero vector vy, so {vi} is linearly independent in W (and in
V). If span {vi} = W, then dimW = 1 and we are done. If span {vi} # W, then there exists a
vector vo in W which is not in span {vi}. Then {vi, vy} is linearly independent in W (and in V).
Since dim V' = n, no linearly independent set of vectors in V' can have more than n vectors. Hence, no
linearly independent set of vectors in W can have more than n vectors. Continuing the above process
we find a basis for W containing at most n vectors. Hence dimW < dim V.

Let dimV =dimW =n. Let S = {vy,va,...,v,} be a basis for W. Then S is also a basis for V, by
Theorem 4.13. Hence, V = W.

Let V = R3. The trivial subspaces of any vector space are {0} and V. Hence {0} and R?® are subspaces
of R3. In Exercise 35 in Section 4.3 we showed that any line ¢ through the origin is a subspace of R3.
Thus we need only show that any plane 7 passing through the origin is a subspace of R3. Any plane
7 in R? through the origin has an equation of the form ax + by + cz = 0. Sums and scalar multiples of
any point on 7 will also satisfy this equation, hence r is a subspace of R®. To show that {0}, V, lines,
and planes through the origin are the only subspaces of R® we argue in a manner similar to that given
in Exercise 29 in Section 4.3 which considered a similar problem in R?. Let W be any subspace of R3.

Hence W contains the zero vector 0. If W # {0} then it contains a nonzero vector v = [a b C]T
where at least one of a, b, or ¢ is not zero. Since W is a subspace it contains span {v}. If W =
span {v} then W is a line in R3 through the origin. Otherwise, there exists a vector u in W which
is not in span {v}. Hence {v,u} is a linearly independent set. But then W contains span {v,u}. If
W = span {v,u} then W is a plane through the origin. Otherwise there is a vector x in W that is
not in span {v,u}. Hence {v,u,x} is a linearly independent set in W and W contains span {v,u,x}.
But {v,u,x} is a maximal linearly independent set in R3, hence a basis for R3. It follows in this case
that W = R3.
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44.

45.

46.

47.

48.
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Let S = {v1,va,...,v,}. Since every vector in V can be written as a linear combination of the vectors
in S, it follows that .S spans V. Suppose now that

a1vy +agve + - - -+ ap v, = 0.
We also have
Ovi +0vy +---4+0v, =0.

From the hypothesis it then follows that a; =0, as =0, ..., a, = 0. Hence, S is a basis for V.
(a) Ifspan S # V, then there exists a vector v in V that is not in S. Vector v cannot be the zero vector
since the zero vector is in every subspace and hence in span S. Hence S; = {vy,va,..., vy, v}
is a linearly independent set. This follows since v;, i = 1,...,n are linearly independent and v
is not a linear combination of the v;. But this contradicts Corollary 4.4. Hence our assumption

that span S # V is incorrect. Thus span S = V. Since S is linearly independent and spans V' it
is a basis for V.

(b) We want to show that S is linearly independent. Suppose S is linearly dependent. Then there
is a subset of S consisting of at most n — 1 vectors which is a basis for V. (This follows from
Theorem 4.9) But this contradicts dim V' = n. Hence our assumption is false and S is linearly
independent. Since S spans V and is linearly independent it is a basis for V.

Let T = {v1,Vva,...,vi} be a maximal independent subset of S, and let v be any vector in S. Since
T is a maximal independent subset then {vi,vs,..., vy, v} is linearly dependent, and from Theorem
4.7 it follows that v is a linear combination of {vi,va,..., vy}, that is, of the vectors in T'. Since S
spans V, we find that T also spans V' and is thus a basis for V.

If A is nonsingular then the linear system Ax = 0 has only the trivial solution x = 0. Let
c1Avy + cAvg + -+ ¢, Av, = 0.
Then A(c;vy + -+ ¢, vy) = 0 and by the opening remark we must have
c1vi +cove + -+ cpvy, = 0.

However since {v1,Vva,...,Vv,} is linearly independent it follows that ¢; = ¢y = -+ = ¢, = 0. Hence
{Avy, Avsy, ..., Av,} is linearly independent.

Since A is singular, Theorem 2.9 implies that the homogeneous system Ax = 0 has a nontrivial solution
x. Since {v1,Va,...,v,} is a linearly independent set of vectors in R™, it is a basis for R™, so

X =cC1V]y+covy + -+, V.
Observe that x # 0, so ¢y, ¢a, . . ., ¢, are not all zero. Then
0=Ax = A(c1vi+cava+ -+ ¢cpvp) = c1(Avy) + ca(Ava) + - - + cn(Avy,).

Hence, {Avy, Avsy, ..., Av,} is linearly dependent.

Section 4.7, p. 251

2.

(a) © = —r+2s, y=r, z=s, where r, s are any real numbers.
-1 27
(b) Let x3 = 1],x%x2=10]|. Then
1]
[—r+2s -1 2
r =r 1| +s5|0| =7rx1 + sxo.
L s 0 1
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8.

10.

12.

20.

22.

(c)

0

y
(1] [-4 0
1 0 0
01, 6],|—1 ; dimension = 3.
0 1 0
10 0 1
[ 4 1
3 1
=2, -2 ; dimension = 2.
1 0
| O 1
No basis; dimension = 0.
[—27 [17]
1 0
0 5 . .
ol |1 ; dimension = 2.
0 0
L O_ L O_
K 0
3 —6
11,(-3
1 0
10 1
-3
g
. No basis.
.A=3, -2
A=1,2 -2
0
X =Xp +Xp, where x, = | -1 |, xp, =7

-2
0|, r any number.
1
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23.

24.

25.

26.
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Since each vector in S is a solution to Ax = 0, we have Ax; = 0 for ¢ = 1,2,...,n. The span of S
consists of all possible linear combinations of the vectors in S. Hence

Y = C1X1 + CaXg + - - + Cp Xy
represents an arbitrary member of span S. We have

Ay = 1 Ax1 + c0Axo + -+ cpAxp =10+ 20+ -+ ¢,0 = 0.

If A has a row or column of zeros, then A is singular (Exercise 46 in Section 1.5), so by Theorem 2.9,
the homogeneous system Ax = 0 has a nontrivial solution.

(a) Let A = [a;;]. Since the dimension of the null space of A is 3, the null space of A is R®. Then the
natural basis {ej, ez, e3} is a basis for the null space of A. Forming Ae; = 0, Aes = 0, Aez =0,
we find that all the columns of A must be zero. Hence, A = O.

(b) Since Ax = 0 has a nontrivial solution, the null space of A contains a nonzero vector, so the
dimension of the null space of A is not zero. If this dimension is 3, then by part (a), A = O, a
contradiction. Hence, the dimension is either 1 or 2.

Since the reduced row echelon forms of matrices A and B are the same it follows that the solutions to
the linear systems Ax = 0 and Bx = 0 are the same set of vectors. Hence the null spaces of A and B
are the same.

Section 4.8, p. 267

8.
10.

12.

13.

(3,1,3).
2 — 3t + 2.

-1 1
2 1)
(a) To show S is a basis for R? we show that the set is linearly independent and since dim R? = 2 we
can conclude they are a basis. The linear combination

o) ] = [0

1 110
-1 =210

The reduced row echelon form of this homogeneous system is [IQ

leads to the augmented matrix

8 ] so the set S is linearly

independent.
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(b) Find ¢; and ¢ so that

o) e ] = o]

The corresponding linear system has augmented matrix
1 112
-1 =216 |

. 1 0| 10 10
The reduced row echelon form is [ 01 ‘ _8 ] o) [V]S = [8]

e[

1
03l = -3 [_ } = —0.3vy, so Ay = —0.3.

1

0.25 1
Avy = {_.50} =0.25 [_2] = 0.25v5 so Ay = 0.25.

VvV = 10V1 — 8V2 SO Av = 10AnV1 — 8AnV2 = 10(}\1)”V1 — 8()\2)”V2.

(e)
(f) As n increases, the limit of the sequence is the zero vector.
14. (a) Since dim R? = 2, we show that S is a linearly independent set. The augmented matrix corre-
sponding to
0 I N et I
S e I3 B )
. 1 =210 . . . .
is 1 3lo | The reduced row echelon form is [ Iy | 0 ] so S is a linearly independent set.
(b) Set
v 4| . 1 Lo -2
R B e 1
. 18
Solving for ¢; and co we find ¢; = 18 and ¢y = 7. Thus [V]S = [ 7}
-1 =2 1 1
(c) Avl{ 3 4} {J[J,so)ql.
-1 =2][-2 —4 -2
@ ava= 7 )] =2 )
(e) A"v = A™[18vy + Tvy] = 18A™vy + TA"vy = 18(1)"vy + 7(2)"vy = 18vy + 7(2™)va.
(f) As n increases the sequence becomes unbounded since lim,,_, o, A"v = 18vy + Tvy lim, o 2".
[—9 1 -2 =5 =2
16. (a) [v], =[-8, [w],=|-2 (b) Psep=|-1 —6 —2
| 28 13 1 2 1
[2 —18
(c) [V]S =1/, [W}S =|-17 (d) Same as (c).
13 8
-2 1 =2
() Qr—s=|-1 0 —=2{. (f) Same as (a).
4 -1 7
4 0 0o 1 0
18. (a) [v],=|-2|, [w],= |8 (b) Pser=| 4+ —% 0
1 —6 —1 11
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—2 8
(c) [V]S: 3 ,[w]sz —4 . (d) Same as (c).
-2 -2
1 20
(e) Qres=r|1 0 0]. (f) Same as (a).
011
5
20. .
o [3
4
22. | -1
3
3 2
2. T=1 |2|,]1], |1
0 0 3

({4}

28. (a) V is isomorphic to itself. Let L: V' — V be defined by L(v) = v for v in V; that is, L is the
identity map.
(b) If V is isomorphic to W, then there is an isomorphism L: V — W which is a one-to-one and
onto mapping. Then L~!: W — V exists. Verify that L~! is one-to-one and onto and is also an
isomorphism. This is all done in the proof of Theorem 6.7.

(c) If U is isomorphic to V, let Li: U — V be an isomorphism. If V' is isomorphic to W, let
Ly: V. — W be an isomorphism. Let L: U — W be defined by L(v) = La(L1(v)) for v in U.
Verify that L is an isomorphism.
29. (a) L(Ov) = L(OV + Ov) = L(Ov) + L(Ov), SO L(Ov) = Ow.
(b) L(v —w) = L(v+ (=1)w) = L(v) + L((-1)w) = L(v) + (=1) L(w) = L(v) — L(w).
30. By Theorem 3.15, R™ and R™ are isomorphic if and only if their dimensions are equal.

31. Let L: R,, — R™ be defined by

ai
a2
L(lor o o ) =
an
Verify that L is an isomorphism.
a
32. Let L: Py, — R? be defined by L(at? + bt +c) = |b|. Verify that L is an isomorphism.
c

33. (a) Let L: Myy — R* be defined by

h
7 N
| |
o
QU o
~__

Il

Qo oo

Verify that L is an isomorphism.
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34. If v is any vector in V, then v = ae! +be~?, where a and b are scalars. Then let L: V — R? be defined

35.

36.

37.

38.

39.

by L(v) = [Z] . Verify that L is an isomorphism.

From Exercise 18 in Section 4.6, V = span S has a basis {Sin2 t,cos?t} hence dimV = 2. It follows

from Theorem 4.14 that V' is isomorphic to Ra.

Let V and W be isomorphic under the isomorphism L. If V] is a subspace of V then Wy = L(V) is a

subspace of W which is isomorphic to V;.

Let v = w. The coordinates of a vector relative to basis S are the coefficients used to express the
vector in terms of the members of S. A vector has a unique expression in terms of the vectors of a

basis, hence it follows that [V} g must equal [W} 5 Conversely, let

Qn

then v =a;vy +asva +---+a,v, and w = a1vy + asvs + - - - + a,v,. Hence v=w.

Let S ={vy,va,...,v,} and v=a1vy + asve + - + apVy, W = byvy + bovao + -+ + b, v,,. Then
ay by
[v] 5= a:2 and [W} 5= b_2
an by

We also have

v+w=(a1+b)vi+ (a2 +ba)va+ -+ (an + by)vy,

ev = (car)vy + (cag)va + -+ + (can) v,

SO
a + bl aq b1
as + b2 an bg
v+w], = , = + =
a, + by, an by,
cay a1
ca9 a9
[CV] g = . =C . =C [V]
CQp, (7%
ay
a

Consider the homogeneous system Mgx = 0, where x =

Qn

terms of the columns of Mg as

. This system can then be written in

a1vi +agva + -+ a, vy, =0,
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where v; is the jth column of Mg. Since vq,vs,---, v, are linearly independent, we have a; = ap =
-+« =a, = 0. Thus, x = 0 is the only solution to Mgx = 0, so by Theorem 2.9 we conclude that Mg
is nonsingular.

40. Let v be a vector in V. Then v = a1vy 4+ agvy + -+ - + a,Vv,. This last equation can be written in
matrix form as

VZMs[V]S

where Mg is the matrix whose jth column is v;. Similarly, v = Mp [V]T.

41. (a) From Exercise 40 we have
MS [V]S = MT [V}

From Exercise 39 we know that Mg is nonsingular, so

T

[v]g=Mg'Mr[v],.

Equation (3) is
[v]g = Pser V],
0

Ps—p = Mg"'Mr.

b Since Ms and MT are nonsin ular M 1 is nonsin ular so 1 ST, as tl (§ I'OdUCt Of two nonsin-
9 S 9 ’ p
gular matrices, is nonsingular.

2 11 6 4 5 : 1 1 1
(¢) Ms =10 2 1|,Mp=|3 -1 5|, Mg'=| &+ & —2| Ps.pr=1{1 -1 2
10 1 3 3 2 —: 1 1

42. Suppose that {[wl] g [ws] gree (W] o ( 15 linearly dependent. Then there exist scalars, a;, i =

1,2,...,k, not all zero such that
1]+ a [wa] g+ -+ an ] = [ov].
Using Exercise 38 we find that the preceding equation is equivalent to
[a1w1 + agwg + -+ + akwk]s = [Ov]s .

By Exercise 37 we have
w1 + aawa + -+ + apwy = Oy,

Since the w’s are linearly independent, the preceding equation is only true when all a; = 0. Hence
we have a contradiction and our assumption that the [WJ ’s are linearly dependent must be false. It

follows that {[wl] g [wo] Grees (W] S} is linearly independent.

43. From Exercise 42 we know that T' = { [vl] g9 [VQ] g1 [vn] S} is a linearly independent set of vectors
in R". By Theorem 4.12, T spans R™ and is thus a basis for R".
Section 4.9, p. 282
2. A possible answer is {t3,¢%,¢,1}.
4. A possible answer is {[1 O} , [0 1] }

6. (a) {(1,0,0,—22),(0,1,0,2),(0,0,1,-2)}. (b) {(1,2,-1,3),(3,5,2,0),(0,1,2,1)}.
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10.
11.

12.
14.
16.
18.
20.
22.
24.
26.
28.
30.
32.
34.

36.
37.

38.
39.

40.

41.
42.

1 0 0 -2 2 3
0 1 0 -2 2 4
b
@ ORS I
0 0 1 4 -2 1
(a) 2. (b) 2.
The result follows from the observation that the nonzero rows of A are linearly independent and span

the row space of A.
(a) 3. (b) 2. (c) 2.

(a) rank = 2, nullity = 2. (b) rank = 4, nullity = 0.
(a) and (b) are consistent.
(b).
(a).
(a).
(a) 3. (b) 3.
No.

Yes, linearly independent.

(b) The six columus of A span a column space of dimension rank A, which is at most 4. Thus the six
columns are linearly dependent.

(¢) The five rows of A span a row space of dimension rank A, which is at most 3. Thus the five rows
are linearly dependent.

(a)0,1,2,3.  (b)3.  (c)2

S is linearly independent if and only if the n rows of A are linearly independent if and only if
rank A =n.

S is linearly independent if and only if the column rank of A = n if and only if rank A = n.

If Ax = 0 has a nontrivial solution then A is singular, rank A < n, and the columns of A are linearly
dependent, and conversely.

If rank A = n, then the dimension of the column space of A is n. Since the columns of A span its
column space, it follows by Theorem 4.12 that they form a basis for the column space and are thus
linearly independent. Conversely, if the columns of A are linearly independent, then the dimension of
the column space is n, so rank A = n.

If the rows of A are linearly independent, then rank A = n and the columns of A span R™.

From the definition of reduced row echelon form, any column in which a leading one appears must be
a column of an identity matrix. Assuming that v; has its first nonzero entry in position j;, for i =
1,2, ..., k, every other vector in S must have a zero in position j;. Hence if v = byvy+bovo+- - -+ bgvy,
it follows that a;, = b; as desired.
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43.

44.

45.

46.

47.
48.

49.
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Let rank A = n. Then Corollary 4.7 implies that A is nonsingular, so x = A~ 'b is a solution. If x;
and x, are solutions, then Ax; = Ax, and multiplying both sides by A~!, we have x; = x,. Thus,
Ax = b has a unique solution.

Conversely, suppose that Ax = b has a unique solution for every n x 1 matrix b. Then the n linear
systems Ax = e, Ax = eg, ..., AX = e,, where e, es,...,e, are the columns of I,,, have solutions
X1,X2,...,Xn. Let B be the matrix whose jth column is x;. Then the n linear systems above can be
written as AB = I,,. Hence, B = A~!, so A is nonsingular and Corollary 4.7 implies that rank A = n.

Let Ax = b have a solution for every m x 1 matrix b. Then the columns of A span R™. Thus there is
a subset of m columns of A that is a basis for R™ and rank A = m. Conversely, if rank A = m, then
column rank A = m. Thus m columns of A are a basis for R™ and hence all the columns of A span
R™. Since b is in R™, it is a linear combination of the columns of A; that is, Ax = b has a solution
for every m x 1 matrix b.

Since the rank of a matrix is the same as its row rank and column rank, the number of linearly
independent rows of a matrix is the same as the number of linearly independent columns. It follows
that the largest the rank can be is min{m,n}. Since m # n, it must be that either the rows or columns
are linearly dependent.

Suppose that Ax = b is consistent. Assume that there are at least two different solutions x; and xs.
Then Ax; = b and Axs = b, so A(x; — x2) = Ax; — Axo = b—b = 0. That is, Ax = 0 has a
nontrivial solution so nullity A > 0. By Theorem 4.19, rank A < n. Conversely, if rank A < n, then
by Corollary 4.8, Ax = 0 has a nontrivial solution y. Suppose that x( is a solution to Ax = b. Thus,
Ay = 0 and Axy = b. Then x( +y is a solution to Ax = b, since A(xg+y) = Axg+ Ay =b+0=b.
Since y # 0, xg +y # Xo, s0 Ax = b has more than one solution.

The solution space is a vector space of dimension d, d > 2.

No. If all the nontrivial solutions of the homogeneous system are multiples of each other, then the
dimension of the solution space is 1. The rank of the coefficient matrix is < 5. Since nullity = 7 —rank,
nullity > 7—-5=2.

Suppose that S = {vy,va,...,v,} spans R™ (R,). Then by Theorem 4.11, S is linearly independent
and hence the dimension of the column space of A is n. Thus, rank A = n. Conversely, if rank A = n,
then the set S consisting of the columns (rows) of A is linearly independent. By Theorem 4.12, S spans
R™.

Supplementary Exercises for Chapter 4, p. 285

1.

(a) The verification of Definition 4.4 follows from the properties of continuous functions and real
numbers. In particular, in calculus it is shown that the sum of continuous functions is continuous
and that a real number times a continuous function is again a continuous function. This verifies
(a) and (b) of Definition 4.4. We demonstrate that (1) and (5) hold and (2), (3), (4), (6), (7), (8)
are shown in a similar way. To show (1), let f and g belong to C[a,b] and for ¢ in [a, b]

(f@g)t) = f(t) +9(t) = g(t) + f(t) = (9@ F)(?)

since f(t) and g(t) are real numbers and the addition of real numbers is commutative. To show
(5), let ¢ be any real number. Then

cO(fag)(t)=c(f(t)+g(t) =cf(t) +cg(t)
=cOf(t)+cOglt)=(cOf@c@g)(t)

since ¢, f(t), and ¢(t) are real numbers and multiplication of real numbers distributes over addition
or real numbers.
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(b) k=0.

(c) Let f and g have roots at t;, i = 1,2,...,n; that is, f(t;) = g(t;) = 0. It follows that f @ g has
roots at t;, since (f @ g)(t;) = f(ti) + g(t;) = 0+ 0 = 0. Similarly, £ ® f has roots at t; since
(k© f)(t:) = kf(t:) =k-0=0.

ap b1
2. (a) Let v= 22 and w = 22 be in W. Then a4 — a3 = as — a7 and by — by = by — by. It follows
3 3
ay by
that
ar + by
V+w= az + b
as + b3
aq + by
and

(a4 + b4) — (a3 + bg) = (a4 — a3) + (b4 — bg) = (CLQ — (ll) + (bg - bl) = (az + bg) — (a1 + bl),
so v+ w is in W. Similarly, if ¢ is any real number,

Ca1

cas
CV =

cas

cay

and
cag — caz = c(ag —az) = c(az — a1) = cay — cay

so cv is in W.

ai
(b) Let v = 2| with ay — az = as — a; be any vector in W. We seek constants c1, ¢z, ¢3, ¢4 such
as
Q4
that
1 0 1 0 a1
el O I (M e O] 2 ]
ool T o] T T 1] T |as
-1 1 1 1 (¢7}

which leads to the linear system whose augmented matrix is

1010|ax
0110 as
0 01 1]as
111 1|ay

When this augmented matrix is transformed to reduced row echelon form we obtain

100 —1 a; — as
010 —1 as — as
001 1 as
000 Olag+a1 —as —as

Since a4 + a1 — as — agz = 0, the system is consistent for any v in W. Thus W = span S.
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ot

10.

12.

14.

15.

Chapter 4

-1 0 1
0 1 1
A ibl i
(¢) A possible answer is ol 1ol 11
—1 1 1
0 1 [0 1
4 0 1 1
d = -2 2 2 .
(d) 2 0 + 0 + 1
6 —1 11 1

Yes.

(a) Let V = R2, W — span {m } U — span {m } It follows that H n m _

! is not in

1
W UU and hence W U U is not a subspace of V.

(b) When W is contained in U or U is contained in W.

(c) Let uand v be in W NU and let ¢ be a scalar. Since vectors u and v are in both W and U so is
u+v. Thusu+visin WNU. Similarly, cu is in W and in U, so it is in W NU.

1 0 0 1 0 0
If W = R3, then it contains the vectors 0|, |1|, |0|. If W contains the vectors 0|, |1, |0],
0 0 1 0 0 1

then W contains the span of these vectors which is R3. It follows that W = R3.
(a) Yes. (b) They are identical.
(a) m arbitrary and b = 0. (b) r=0.

Suppose that W is a subspace of V. Let u and v be in W and let r and s be scalars. Then ru and sv
are in W, so ru + sv is in W. Conversely, if ru + sv is in W for any u and v in W and any scalars r
and s, then for r = s =1 we have u+ v is in W. Also, for s = 0 we have ru is in W. Hence, W is a
subspace of V.

Let x and y be in W, so that Ax = Ax and Ay = A\y. Then
Alx+y)=Ax+ Ay = Xx+ Ay = A(x+Yy).

Hence, x +y is in W. Also, if r is a scalar, then A(rx) = r(A4Ax) = r(Ax) = A(rx), so rx is in W.
Hence W is a subspace of R".

a=1.
1 3 1
(a) One possible answer: 1 , f ; ;
1 1 b
[ 1 0 [0
0 -1 0
ssibl swer:
(b) One possible answer 1l 2ol o
] 0] L1
1 3
(© Vg=1 #|. Mz = |1
_s3 0

Since S is a linearly independent set, just follow the steps given in the proof of Theorem 3.10.
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1 1 1
16. Possible answer: 0], (1,10
2 1 0
1
18. (a) -2 3. (b) There is no basis.
1

19. rank AT = row rank A7 = column rank A = rank A.
20. (a) Theorem 3.16 implies that row space A = row space B. Thus,

rank A = row rank A = row rank B = rank B.

(b) This follows immediately since A and B have the same reduced row echelon form.

21. (a) From the definition of a matrix product, the rows of AB are linear combinations of the rows of B.
Hence, the row space of AB is a subspace of the row space of B and it follows that rank (AB) <
rank B. From Exercise 19 above, rank (AB) < rank ((AB)T) = rank (BT AT). A similar argument
shows that rank (AB) < rank AT = rank A. It follows that rank (AB) < min{rank A, rank B}.

10 00
h pair of ices is A = B = .
(b) One such pair of matrices is {O 0] and {O 1]
(c) Since A = (AB)B~!, by (a), rank A < rank (AB). But (a) also implies that rank (AB) < rank A,
so rank (AB) = rank A.

(d) Since B = A71(AB), by (a), rank B < rank (AB). But (a) also implies that rank (AB) < rank B,
so rank (AB) = rank B.

(e) rank (PAQ) = rank (PA), by part (c), which is rank A, by part (d).

22. (a) Let ¢ = dim NS(A) and let S = {vi,va,..., v} be a basis for NS(A). We can extend S to
a basis for R". Let T = {wj,wa,...,w,} be a linearly independent subset of R™ such that
Vi,...,Vq, W1,..., W, is a basis for R”. Then r 4+ ¢ = n. We need only show that r» = rank A.
Every vector v in R™ can be written as

r r
vV = E C;iv; + E bjo
i=1 Jj=1

”

and since Av; =0, Av = Z bjAw ;. Since v is an arbitrary vector in R", this implies that column
j=1

space A = span {Awi, Aws, ..., Aw,}. These vectors are also linearly independent, because if

k;lAwl + ]{JQAWQ + -+ k‘TAWT =0

T
then w = ijwj belongs to NS(A). As such it can be expressed as a linear combination
j=1
of vi,va,...,v4. But since S and span T' have only the zero vector in common, k; = 0 for
j=1,2,...,r. Thus, rank A =r.

(b) If A is nonsingular then A=!(Ax) = A~'0 which implies that x = 0 and thus dim NS(A4) = 0. If
dim NS(A) = 0 then NS(A) = {0} and Ax = 0 has only the trivial solution so A is nonsingular.

23. From Exercise 22, NS(BA) is the set of all vectors x such that BAx = 0. We first show that if x is in
NS(BA), then x is in NS(A). If BAx =0, B~'(BAx) = B~10 = 0, so Ax = 0, which implies that x is
in NS(A). We next show that if x is in NS(A), then x is in NS(BA). If Ax = 0, then B(Ax) = B0 =0,
so (BA)x = 0. Hence, x is in NS(BA). We conclude that NS(BA) = NS(A).
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24.

26.

27.

28.

29.

30.

31.

32.

Chapter 4

(a) 1 (b) 2
T1iyr T1yY2 - TilYn
T2Y1 X2Y2 - T2Yn
We have XY7T = i
Tnl1 TnY2 tee TnYn

Each row of XY7 is a multiple of YT, hence rank XY 7T = 1.

Let x be nonzero. Then Ax # x so Ax —x = (A — I,,)x # 0. That is, there is no nonzero solution
to the homogeneous system with square coefficient matrix A — I,,. Hence the only solution to the
homogeneous system with coefficient matrix A — I,, is the zero solution which implies that A — I, is
nonsingular.

Assume rank A < n. Then the columns of A are linearly dependent. Hence there exists x in R™ such
that x # 0 and Ax = 0. But then A7 Ax = 0 which implies that the homogeneous linear system with
coefficient matrix A7 A has a nontrivial solution. This is a contradiction that AT A is nonsingular,
hence the columns of A must be linearly independent. That is, rank A = n.

(a) Counterexample: A = Ll) 8], B = [8 ﬂ Then rank A = rank B =1 but A+ B = I, so

rank (A+ B) = 2.

(b) Counterexample: A = [; _19], B = —A. Then rank A = rank B = 2 but A+ B = O, so

rank (A+ B) =0.
(¢) For A and B as in part (b), rank (A + B) # rank A+ rank B =242 =4.

Linearly dependent. Since vi, Vs, ..., Vv are linearly dependent in R™, we have
c1vi +covo+ -+ cp v =0
where ¢y, ca, ..., ¢, are not all zero. Then

A(crvi +cava+ -+ epvy) = A0=0
cl(Avl) + CQ(AVQ) + -+ Ck(AVk) =0

so Avy, Ava, ..., Avy are linearly dependent.

Suppose that the linear system Ax = b has at most one solution for every m x 1 matrix b. Since
Ax = 0 always has the trivial solution, then Ax = 0 has only the trivial solution. Conversely, suppose
that Ax = 0 has only the trivial solution. Then nullity A = 0, so by Theorem 4.19, rank A = n. Thus,
dim column space A = n, so the n columns of A, which span its column space, form a basis for the
column space. If b is an m x 1 matrix then b is a vector in R™. If b is in the column space of A,
then b can be written as a linear combination of the columns of A in one and only one way. That is,
Ax = b has exactly one solution. If b is not in the column space of A, then Ax = b has no solution.
Thus, Ax = b has at most one solution.

Suppose Ax = b has at most one solution for every m x 1 matrix b. Then by Exercise 30, the
associated homogeneous system Ax = 0 has only the trivial solution. That is, nullity A = 0. Then
rank A = n— nullity A = n. So the columns of A are linearly independent. Conversely, if the columns
of A are linearly independent, then rank A = n, so nullity A = 0. This implies that the associated
homogeneous system Ax = 0 has only the trivial solution. Hence, by Exercise 30, Ax = b has at most
one solution for every m x 1 matrix b.
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33.

34.

35.

36.

Let A be an m x n matrix whose rank is k. Then the dimension of the solution space of the associated
homogeneous system Ax = 0 is n — k, so the general solution to the homogeneous system has n — k
arbitrary parameters. As we noted at the end of Section 4.7, every solution x to the nonhomogeneous
system Ax = b can be written as x,+x),, where x,, is a particular solution to the given nonhomogeneous
system, and xj, is a solution to the associated homogeneous system Ax = 0. Hence, the general solution
to the given nonhomogeneous system has n — k arbitrary parameters.

Let u = w; + wg and v = w) + w), be in W, where w; and w{ are in W; and wy and w), are in Ws.
Then u+v =wy +wg + wj +wh = (wy +w}) + (W +wj). Since wy + wi is in W; and wq + w} is
in W5, we conclude that u + v is in W. Also, if ¢ is a scalar, then cu = ew; + cws, and since cwy is
in Wy, and cwy is in Wy, we conclude that cu is in W.

Since V' = W7 4+ W, every vector v in W can be written as wi +wo, wy in W7 and wo in W5. Suppose
now that v =w; + wy and v =w| + wj. Then w; + wy = w} + W}, so

Wi — W) = W) — Wy (%)

Since w; — wf is in W and wj — wq is in Wa, wy — wi is in Wi N Wy = {0}. Hence w; = wj.
Similarly, or from (%) we conclude that wo = w).

W must be closed under vector addition and under multiplication of a vector by an arbitrary scalar.
k

Thus, along with vq,vs, ..., vi, W must contain E a;v; for any set of coefficients a1, as, ..., ar. Thus
i=1
W contains span S.

Chapter Review for Chapter 4, p. 288

True
1.
7.
13.
19.

Quiz
1.

2.

=

or False

True. 2. True. 3. False. 4. False. 5. True. 6. False.
True. 8. True. 9. True. 10. False. 11. False. 12. True.
False. 14. True. 15. True. 16. True. 17. True. 18. True.
False. 20. False. 21. True. 22. True.

No. Property 1 in Definition 4.4 is not satisfied.

No. Properties 5-8 in Definition 4.4 are not satisfied.

Yes.

. No. Property (b) in Theorem 4.3 is not satisfied.

If p(t) and ¢(t) are in W and ¢ is any scalar, then

(p+q)(0)=p(0) +¢q(0)=0+0=0
(cp)(0) = ep(0) =c0 =0

Hence p + q and cp are in W. Therefore, W is a subspace of P,. Basis = {t?,t}.
No. S is linearly dependent.

1 1 3
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-1 1
0 -1
8.
1 b
0 1

9. {[1 0 2],[0 1 -2]}.

10. Dimension of null space =n —rankA=3 -2 =1.

,% -1
7 _1
11. x, = 51 and x;, = r 4 , where r is any number.
0 3
0 1

12. ¢ # £2.
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Inner Product Spaces

Section 5.1, p. 297
2. (a) 2. (b) v26.  (c) V2L
4. (a) 3v/3.  (b) 3v/3.
6. (a) VI55.  (b) V3.

8. ¢ =43.
32 2
10. (a) — . b .
- Y av
12. V/35.
o
13. (a) fu= |ay|, then u-u=a? + a3+ a% > 0 if not all a1, as,az = 0.
as

u-u:bif_andonlyifu:O.

ay b1 3
(b) Ifu= |as|,and v= |by 7thenu-v:v-u:Zaibi.

Las ] b3 i=1

ai + by c1
(¢) Wehave u+v = |ag+by|. Thenif w= |ca,
as + b3 c3

(u+v) -w=1(a1+b1)c1 + (az + ba)ca + (ag + b3)cs
= (a1c1 + bicr) + (ages + baco) + (ases + bses)
= (arc1 + azca + azes) + (bicy + baca + bscs)
=u-W+V-w

(d) cu-v =(cay)by + (caz)bs + (caz)bs = c(a1by + agzby + azbs) = c(u - v).

4. v-u=14,u-v=v-u=15 (u+v) - w=6,u-w=0,v-w=6.

woll [+ - ol -
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16.

=2

18.

20.
22.

24.
26.
28.
29.

30.

31.

32.

33.

34.

35.

36.

Chapter 5

1 1 1 0
(a) |0] - |0 =1, etc. (b) |0] - |1] =0, etc.
0 0 0 0

(a) vi and vo; vi and vs; vi and vy; vy and vg; ve and vs; vo and vs; v and vg; vy and vs; vy and
vs; vy and vg.

(b) vy and vs.

(¢) v and vg.

r=34+0t,y=—-1+t¢t 2z=—-3—5t.

Wind |0
N f y
/ Plane Heading
100 km./hr. © Y T \ 260 km./hr.
\‘\ Resultant Speed

Resultant speed: 240 km./hr.

c=2.

Possible answer: a =1, b=0, c = —1.
_ 4

Cc = 5

If u and v are parallel, then v = ku, so

u-v u-ku k||ul?
cosf = = = =+1.
fall (vl ffall vl [&] lul?
a a 1
Let v = | b| be a vector in R? that is orthogonal to every vector in R>. Then v-i=0so0 |b| - |0| =
c c 0

a = 0. Similarly, v-j =0 and v - k = 0 imply that b = ¢ = 0.
Every vector in span {w,x} is of the form aw + bx. Then v - (aw + bx) = a(0) + b(0) = 0.

Let vy and vy be in V, so that u-vy =0 and u-vy = 0. Let ¢ be a scalar. Then u- (vq + vy) =
u-vi+tu-vo=04+0=0,s0 vy +vyisin V. Also, u-(cvy) =c(u-vy) =¢(0) =0, s0 cvy isin V.

llex|| = /(cx)? + (cy)? = V2 /a2 + 32 = |ef [|x]|.
1

= el = 1.
E]

1
Iall || 7%
1]

Let a1vy + asve + agvs = 0. Then (a;vy + aave + agvs) -v; = 0-v, = 0 for i« = 1, 2, 3. Thus,
a;(v; - v;) = 0. Since v; - v; # 0 we can conclude that a; =0 for i =1, 2, 3.

We have by Theorem 5.1,

u-(v+w)=(v+w)u=v-ut+w-u=u-v4u-w.
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37. (a) (u+ev)-w=u-w+(ev) - w=u-w+c(v-w).
(b) u-(ev) =cv-u=c(v-u)=c(u-v).
(¢) (u+v)-ew=u-(cw)+v:(cw)=c(u-w)+c(v-w).
38. Taking the rectangle as suggested, the length of each diagonal is Va2 + b2.

39. Let the vertices of an isosceles triangle be denoted by A, B, C. We show that the cosine of the angles
between sides CA and AB and sides AC and CB are the same. (See the figure.)

(5.0)

PPALENLTAYS

(0,0) (c,0)

To simplify the expressions involved let A(0,0), B(¢/2,b) and C(c,0). (The perpendicular from B to
side AC bisects it. Hence we have the form of a general isosceles triangle.) Let

v = vector from A to B = lﬂ
(¢
w = vector from A to C = O]
: _c
u = vector from C to B = %} .

Let 61 be the angle between v and w; then

2

_ 2
KICINCITI:

cosf; =

Let 65 be the angle between —w and u; then

2
c
—WwW-u 2

W[l lall ¢ pRyVE

cosfy =

Hence cosf; = cosfy implies that 8; = 62 since an angle 6 between vectors lies between 0 and w
radians.

40. Let the vertices of a parallelogram be denoted A, B, C, D as shown in the figure. We assign coordinates
to the vertices so that the lengths of the opposite sides are equal. Let (A(0,0), B(t,h), C(s +t,h),
D(s,0).

B

D

Then vectors corresponding to the diagonals are as follows:
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The parallelogram is a rhombus provided all sides are equal. Hence we have length (AB) = length
(AD). It follows that length (AD) = s and length (AB) = vt + h2, thus s = Vt2 4+ h2. To show that
the diagonals are orthogonal we show v - w = 0:

v-w=(s+1t)(s—t)—h?
=s?—t? —h? =5 — (t* + h?)

=52 — s> (since s = \/t2 + h2)

=0.

Conversely, we next show that if the diagonals of a parallelogram are orthogonal then the parallelogram
is a rhombus. We show that length (AB) = vt2 + h? = s = length (AD). Since the diagonals are
orthogonal we have v - w = s — (2 + h%) = 0. But then it follows that s = /t2 + h2.

Section 5.2, p. 306

2. (a) —4i+4j+4k (b)3i—8j—k (c) 0i+0j+0k (d) 4i+4j+ 8k.

(a) uxv=(ugvs —uzva)i+ (uzvy — u1v3)j + (u1v2 — ugvy )k
v X u = (ugvg — ugvs)i+ (vsus — viug)j + (viug — vour )k = —(u x v)
(b) u X (V + W) = [’LLQ(’Ug —+ ’LU3) — U3(1)2 —+ wg)]l
+ [uz(v1 +w1) — (u1(vs + w3)lj
+ [ul(vg + ’wg) — UQ(Ul + wl)]k
= (U2U3 — U3’U2)i + <U3U1 — U1U3)j + (U1U2 — UQ’Ul)k
+ (uows — uswa)i + (usw1 — wws)j + (v1we — ugwq )k
=uXVvV+uxw
(c) Similar to the proof for (b).
(d) c(uxv)=c[(ugvs — uzva)i + (uzvy — urv3)j + (u1v2 — uzvy K]
= (cugvs — cugva)i+ (cuzvy — cuqvs)j + (cujve — cusvy )k
= (cu) x v.
Similarly, ¢c(u x v) = u x (cv).
(e) uxu = (ugus — uguz)i~+ (usuius)j + (u1ue — ugui )k = 0.
(f) 0 x u = (Ouz — ug0)i+ (Ou; —u10)j + (Oug — uz20)k = 0.
(g) ux (vxw)=[ui+ uaj+ usk] x [(vowz — v3w2)i+ (v3wy — v1ws)j + (viwe — vowq )K]
= [UQ(’UlU)Q — Ug’wl) — U3(’l)3’w1 — ’Ulwg)}i
+ [ug(vows — vaws) — ug (Viwa — vowr)]j
+ [U1(123UJ1 — ’U1w3) — UQ(’UQIU?, — 1]3102)]1{.
On the other hand,

(u-w)v—(u-v)w = (uywy +ugws +uzws)[v1i+vaj+ vsk] — (ugv1 +ugvs +uzvs)[wii+ wej+ wsk].

Expanding and simplifying the expression for u x (v x w) shows that it is equal to that for
(u-w)v—(u-v)w.

Similar to the proof for (g).

(7i+5j—k)-u=0; (7i+5j—k)-v=0.

)
)
b) (—3i+3j+3Kk)-u=0; (—3i+3j + 3k)-v =0.
)
) 0-u=0;0-v=0.
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7.

10.
11.

12.
14.
16.
18.
20.
22.

Let u = uqi 4 usj + usk, v =v1i + voj + vk, and w = wi + waj + wszk. Then

(uxv) - w = [(ugvs — uzva)i+ (ugvy — uvs)j + (u1ve — ugvy K| - w

= (UQU;J, — ’U,3122)U}1 + (U3U1 — ul’Ug)wz + (Ul’Ug — UQ’l)l)U)g
(expand and collect terms containing u;):

= Ul(’Ug’u}g — ’U3U/2) + UQ(Ugwl — ’Ulwg) + Ug(vlwg — Ug’wl)

=u-(vxw)

(a)u-v=3=||uH||v||cos9=\/@\/ﬁcosﬁcosﬁz\/% = —  sinf = Y30 So

319
Ju x vl = V310
I\uIIHVIISIHH—V_V_\/—_' V310 = |[u x v|.
—1= < — _ 1 inf = V27
(b) u-v—l—||uH||v||c050—ﬁ\/ﬁcosecose—\/—2—8 = = s1n9—\/—2—8. So
lux v = v27
. 27
fallvl sind = VEVIEYZE = VT = fu x .
—0— _ __9 ; _ 75
(c)u.vf9—||uH||v||cos9f\/6\/%(:os,90os0fﬁ = —  sinf = Y2 So
Ju x vl = V75

IIUIIVIISin9\f\/—\/C V75 = [lux v.

(d) u-v=12= |lul|[|v| cosf = V6v24cosfcosf =1 = = sinf =0. So

luxv| =0

|ul|||v] sin @ = V6v/240 = /310 = |ju x v|.

(0]

If v = cu for some ¢, then ux v = ¢(uxu) = 0. Conversely, if ux v = 0, the area of the parallelogram

with adjacent sides u and v is 0, and hence that parallelogram is degenerate; u and v are parallel.

[ux V[ + (u-v)* = [[ul*[|v]*(sin® 6 + cos® 8) = [[u]|?||v]]*.
Using property (h) of cross product,

(uxv)xw+ (vxw)Xxu+(wxu)xv=

[(Ww-u)v—(w-v)ul+[(u-v)w—(u-w)v]+ [(v-w)u— (v -u)w] =0.

(a) 3z — 2y + 42+ 16 = 0; (b) y—3z+3=0.
(a)z=2 423t y=—2 420, 2=0+13t; (b)) =0+7t, y=—-8+22t, z=4+13L.

(=5 %, -6).
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24. (a) Not all of a, b and c are zero. Assume that a # 0. Then write the given equation ax+by+cz+d = 0
as a[z+ (£)] +by+cz = 0. This is the equation of the plane passing through the point (—%,0,0)
and having the vector v = ai + bj + ck as normal. If a = 0 then either b # 0 or ¢ # 0. The above
argument can be readily modified to handle this case.

(b) Let u = (z1,y1,21) and v = (z2, Yo, 22) satisfy the equation of the plane. Then show that u+ v
and cu satisfy the equation of the plane for any scalar c.

1 0

(c) Possible answer: 0f,|1
1 3

-3 1

26. u X v = (ugu3 — uzva)i + (usvy — u1v3)j + (urv2 — ugvy k.
Then

Uy U Uz
(uxv) w = (ugv3 — uzv2)wy + (uzvy — uv3)wa + (U3 — ugvy)ws = |v1 vy V3
w1 W2 wWs

28. Computing the determinant we have
TY1 + YT2 + T1Y2 — T2y1 — Yor — 11y = 0.
Collecting terms and factoring we obtain
x(y1 —y2) — y(x1 — x2) + (z1y2 — x2y1) = 0.

Solving for y we have

Y2 — Y1 T1Y2 — T2Y1
T —

v= T2 — 1 T2 — 1
_ Y27y TiYs — Yoo ¥ Yoy — Tohn
T2 — T1 T2 — T1
_Y2ou yo(x1 — 22) + 22(y2 — ¥1)
T2 — 1 T2 —T1
=2 )
T2 — T1

which is the two-point form of the equation of a straight line that goes through points (z1,y1) and
(z2,y2). Now, three points are collinear provided that they are on the same line. Hence a point (xq, yo)
is collinear with (z1,y1) and (z2,ys2) if it satisfies the equation in (6.1). That is equivalent to saying
that (zo,yo) is collinear with (x1,y;) and (z2,y2) provided

To Yo 1
z1 y1 1| =0.
T2 Y2 1

29. Using the row operations —r; +ry — ro, —r; +r3 — r3, and —r; +ry — ry we have

r y z 1 x Y z 1
L1 —% Y1 —Y 21 —%
oy oz 1) w1y z1—2 1)
0= = =(-1)|ze—2 yo—y 20—2|.
T2 Y2 22 1 To—T Yy2—Yy 22—2 1

r3 — T 3 — Z3 — Z
z3 Yz 23 1 xz—r Yys—y 23—z 1 v
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Using the row operations —r; — ry, r{ +ro — ro, and r; +r3 — r3, we have

r—r Y-y -2
O=|x2a—21 Yo—y1 22— 21

T3 —T1 Ys— Y1 23— 21
=(@—m)[y2 —y1+23 — 21 —ys +y1 — 22+ 2]

+(y—y1)[z2—21+a:3—a:1—z3+z1—x2+x1]

+(z —21)[w2 — 21 + Y3 —y1 — 3+ 21 — Y2 + 1]
= (x —z1)[y2 — Y3 + 23 — 2]

+ (y —y1)[z2 — 23 + 23 — 23]

+ (2 = 21)[z2 — 73 + Y3 — Yo

This is a linear equation of the form Ax+ By+ Cz+ D = 0 and hence represents a plane. If we replace
(z,y, z) in the original expression by (z;,y;,2;), ¢ = 1, 2, or 3, the determinant is zero; hence the plane

passes through P;, : =1, 2, 3.

Section 5.3, p. 317

1. Similar to proof of Theorem 5.1 (Exercise 13, Section 5.1).

2. (b) (V,ll) = a1b1 - a2b1 - albg - 30,2[)2 = (ll, V).

(C) (11 + v, W) (a1 + b1)61 (0,2 + bg)Cl (Cl1 + b1)82 + 3(&2 + bg)CQ
(a101 — agC1 — a1C2 + 3&262) (b161 — bQCl — 6162 + 3b262)

= (u,w) + (v, w).
(d) (cu,v) = (ca1)by — (caz)by — (cai)bs + 3(caz)by = c(arby — asby — arbs + 3aszbs) = c¢(u, v).

n n

3. (a) If A = [a;;] then (A4, 4) = Tr(ATA) = ZZ@U > 0. Also (A, A) = 0 if and only if a;; = 0,
j=11i=1
that is, if and only if A = O.

(b) If B = [b;;] then (A, B) = Tr(BT A) and (B, A) = Tr(ATB). Now

Tr(BTA) = Z Zbﬁaki = Z Z briai,

i=1 k=1 i=1 k=1

and

TI(ATB) = iia,ﬁcbkl Zzakzbkza

i=1 k=1 i=1 k=1

o (A,B)=(B,A).
(c) f C = [cij], then (A + B,C) = TY[CT(A + B)] = Tt[CT A+ CTB] = Tr(CTA) + Tr(CTB) =
(A4,C) + (B, 0).
(d) (cA, B) = Tr(BT(cA)) = cTr(BTA) = ¢(A, B).
5. Let u = [ul uQ], v = [vl 112], and w = [wl wg] be vectors in Ry and let ¢ be a scalar. We define

(u,v) = u1v1 — UV — UV + Husve.

(a) Suppose u is not the zero vector. Then one of u; and ugy is not zero. Hence

(u,u) = uru; — Uy — Uy + Sugus = (uy — uz)? + 4(uz)* > 0.
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10.
12.
14.

16.

17.
18.

19.

Chapter 5

If (u,u) =0, then
LUy — Uty — U Uy + Dugts = (ug — uz)? 4 4(uz)? =0
which implies that u; = us = 0 hence u = 0. If u = 0, then u; = us = 0 and
(u,u) = uguy — uguy — Ugug + Sugug = 0.

(b) (u,v) = uv1 — ugw1 — U2 + Bugvy = ViU — VU — ViUg + Svgug = (V,u)

(¢) (u+v,w) = (ug +v1)wy — (ug + v2)wy — (ug + v1)wa + 5(uz + va)ws

ULW] + VW] — UgWa — VaWsg — U W — VW2 + DUswWsy + DU Wo

= (u1w1 — U2W2 — UTW2 + 5u2w2) =+ (v1w1 — VW92 — V1W3 + 51)2’[02)
(u,w) + (v, w)

(d) (cu,v) = (cuy)vy — (cuz)vy — (cur)ve + 5(cug)vy = c(uiv1 — ugvy — U2 + Sugvy) = c(u, v)

(a) (p(t fo 2dt > 0. Since p(t) is continuous,

/1p(t)2dt =0 <= p(t)=0.
0

(b) (1), a(1)) = Jy p(t)a(t)dt = f(} = (4(6),p().

(c) (p(t)+4q(t),7(t)) = fo( fo Jr() dt+ fy a(t)r(t) dt = (p(t), r(£) +(g(t), 7(1)).

(d) (ep(t),q(®)) = Jy (cp(t))q ( t)dt = Cfo q(t) dt = c(p(t), Q(t))-

(a) 0+0=0so (0,0) = (0,0+0) = (0,0) + (0,0), and then (0,0) = 0. Hence ||0|| = 1/(0,0) =
Vo =o0.

(b) (u,0) = (u,0+0) = (u,0) + (u,0) so (u,0) =0.

(c) If (u,v) =0 for all v in V, then (u,u) =0sou=0.

(d) If (u,w) = (v,w) for all w in V, then (u —v,w) =0 and so u = v.

(e) If (w,u) = (w,v) for all w in V, then (w,u—v) =0 or (u—v,w) =0 for all w in V. Then

(
LML @

[utv|? = (utv,utv) = (u,u)+2(u,v)+(v,v) = [ul* + 2(w,v) + (v, v) = [ul* +2(u,v) + |[v]?,
and [lu = v[* = (a,u) — 2(u,v) + (v,v) = [[ul| = 2(u,v) + (v,v) = [[ul|* = 2(u,v) + [[v]*. Hence
[u+v]? + lu— v = 2|l + 2[|v]*.

eu| = v/(cu,cu) = /c2(u,u) = V2 y/(u,u) = || [[u].
For Example 3: [a1b; — agby — a1bs + 3asbs]? < [(a1 — a2)? + 2a3][(by — b2)? + b3].
For Exercise 3: [Tr(BT A)]? < Tr(AT A) Tr(BT B).
2
1

For Example 5: [a? — agb; — a1be + Hasbs]? < [a? — 2a1as + 5a3][b? — 2b1be + 5b3].

[utv? = (utv, utv) = (u,u)+2(a, v)+(v,v) = [u]*+2(uw,v)+|[v[*. Thus [[u+v]* = [[ul*+ v
if and only if (u,v) = 0.
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20.
21.

22.
23.

24.

26.

28.

30.
32.
34.

36.

37.

ilu+vlPP = llu—v|*=j(utv,utv) - j(u-v,u—v)
= i[(u,u) +2(u,v) + (v,v)] — i[ u,u) — 2(u,v) + (v,v)] = (u,v).

The vectors in (b) are orthogonal.
Let W be the set of all vectors in V' orthogonal to u. Let v and w be vectors in W so that (u,v) =0

and (u,w) = 0. Then (u,rv + sw) = r(u,v) + s(u,w) = r(0) + s(0) = 0 for any scalars r and s.

Example 3: Let S be the natural basis for R?; C' = [_1 _;] .

1 -1
Example 5: Let S be the natural basis for R?; C = [_1 5] .

(a) d(u,v) = [lv —ul > 0.
(b) d(u,v)=|v—u||=(v—u,v—u)=0if and only if v—u = 0.
(¢) d(u,v) = [lv-ul| = [lu—v[ =d(v,u).

)

(d) Wehavev—u = (w—u)+(v—w) and |[v—u| < ||[w—u|+|v—w] so d(u,v) < d(u,w)+d(w, V).
(a) /122 (b) V3.

Orthogonal: (a). Orthonormal: (c).

3a = —5b.

2a(cos1 —1)
e(sinl —cos1+1)"

(a) 5a=—3b.  (b) b=

We must verify Definition 5.2 for
n n T
(vow) =Y > aieyby = [v] C [w].
i=1 j=1

We choose to use the matrix formulation of this inner product which appears in Equation (1) since we
can then use matrix algebra to verify the parts of Definition 5.2.

(a) (v,v)= [V]Z:C [v] ¢ > 0 whenever [v] ¢ 7 0 since C' is positive definite. (v,v) = 0 if and only if

[v] ¢ = 0 since A is positive definite. But [V] = 0 is true if and only if v = 0.

S
T

(b) (v,w) = [v] e [w] , is a real number so it is equal to its transpose. That is,

S

vow) = WO wl = (W Cwl,) = wheT [v],

(since C' is symmetric)
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38. From Equation (3) it follows that (Au, Bv) = (u, AT Bv).

ay b1
az b2
39. fuand varein R",letu=| . | andv=| . |. Then
Qnp by,
by
n b2
(u,v) = Zaibi = [al ag - an] .
i=1 :
bn,

40. (a) If vi and vy lie in W and c is a real number, then ((vi +v2),w;) = (vi,u;) + (v, u;) =04+0=10
for i = 1, 2. Thus v; + vy lies in W. Also (¢vy,u;) = ¢(vi,u;) = ¢0 =0 for ¢ = 1, 2. Thus cv;

lies in W.
-1
(b) Possible answer: 8 , -1
1

41. Let S = {w1,wa,...,wi}. If uisin span S, then
u=cwi+cowy + -4+ CLWg.
Let v be orthogonal to wi,wa, ..., wg. Then

(v,w) = (v,c1W1 + coWa + - -+ + W)
=c1(v,w1)+ca(v,wa) + - + (v, wg)
= 1(0) + e2(0) + -+ + €x(0) = 0.

42. Since {v1,Va,...,V,} is an orthonormal set, by Theorem 5.4 it is linearly independent. Hence, A is
nonsingular. Since S is orthonormal,
1 ifi=j
(Vi7 v]) = P .
0 ifi#j.
This can be written in terms of matrices as
1 ifi=y
vivi=<e 0
0 ifi#j

or as AAT =1I,,. Then A~! = AT. Examples of such matrices:

1 1 1

11 ! 00 V3 V2 V6

= | vz V2 = _1 1 = | i _1
A= 7 0 A=0 -5 Bl AT |m Em v
V2 V2 o L L 1 0o 2
V2 V2 3 V6

43. Since some of the vectors v; can be zero, A can be singular.

44. Suppose that A is nonsingular. Let x be a nonzero vector in R™. Consider x? (AT A)x. We have
xT(ATA)x = (Ax)T(Ax). Let y = Ax. Then we note that x7 (AT A)x = yy? which is positive if
y #0. If y = 0, then Ax = 0, and since A is nonsingular we must have x = 0, a contradiction. Hence,
y # 0.
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45. Since C is positive definite, for any nonzero vector x in R" we have x” Cx > 0. Multiply both sides of
Cx = kx or the left by x” to obtain x”Cx = kx”Tx > 0. Since x # 0, x'x > 0, so k > 0.

46. Let C be positive definite. Using the natural basis {ej,es,...,e,} for R™ we find that eiTCel- = a;;
which must be positive, since C' is positive definite.

47. Let C be positive definite. Then if x is any nonzero vector in R”, we have x” Cx > 0. Now let 7 = —5.
Then xT (rC)x < 0. Hence, rC need not be positive definite.

48. Let B and C be positive definite matrices. Then if x is any nonzero vector in R", we have x” Bx > 0
and xTCx > 0. Now x7(B + O)x = xI' Bx +xTCx > 0, so B + C is positive definite.

49. By Exercise 48, S is closed under addition, but by Exercise 46 it is not closed under multiplication.
Hence, S is not a subspace of M,,,.

Section 5.4, p. 329

S - 1 _ 5
L[5 V2 V54
2
2. 2] 7. (b) of.| %4
11 L o] 1 5
V2 Vi
1T o
4. -1
RENNENY
3 1
6. {\/3(t+1), &= (9t —5)}.
— 3t
8{3t,e 5
[e2 T
2 2
—2
10. ,16 12| -
1
. 11 1] L o2 1
12. Possible answer: {[\/5 7 \/3}7[\/6 7 \/6]}
u L oo, [-+ 2 o0 2| [L -L 2 L
Ve Ve V6 V6 Ve |V T Viz Vizo V2]
16[LL00}[L LLO}[_LLLL}
V2 V2 V3 VR VB D | Ve Vi Vi Vi)
—4
1
18. § 7

19. Let v = chuj. Then
j=1

n
(v,u;) = E cuj,u; | = g ci(uj, ) =¢
j=1

since (u;,u;) = 1if j =4 and 0 otherwise.
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1 1 11 2
n 0 ([ % B % 4]
=gl % sl & -3
ai
az
21. Let T = {uy,ug,...,u,} be an orthonormal basis for an inner product space V. If [V}T =1 .|,
an
then v = ajuy + aguy + - - - + a,u,. Since (u;,u;) = 01if ¢ # j and 1 if ¢ = j, we conclude that
IVl = Vv, v) = /a3 + a3+ +a2.
1 -2 J3
2. (@) Vi () qE| 05| 2| @IV = [3%0 I[v], | =V5+0=VId.
—2 -1
24. {1,V/12 (t—3), V180 (2 —t+ §)}.
25. (a) Verify that
1, ifi#j
(ug, ;) = R
0, ifi=j.
e 100 {00 _ TN 0 0]\ {00
Thus, if A = [1 0} and B = {0 1],then (A,B) = Tr(B' A) —Tr([o 0}) =0.IfA= [1 O}’

then (A, A) = Tr(AT A) = Tr ( [1 OD — 1

N N

1
5
_ Z % 0.8944 0.4082
5 6 . . 5 5
2 X 2.2361 —2.2361
30. (a) Q 1 Z 0.4472 0.8165|, R CoY 0 24105
0 L 0 0.4082 NG
L V5
L )
73 75 —0.5774 0 0.8165
M Q=| L -L Ll~| 05774 —0.7071 0.4082
8 D 0.5774  0.7071 0.4082
L V3 V2 V6
[—/3 0 0] ~1.7321 0 0
R= 0 —V8 V2| = 0 —2.8284 1.4142].
. 0 0 V6] 0 0 —2.4495
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31.
32.

33.

34.

35.

36.

2 1 1
Vs V6 V30 0.8944 —0.4082 —0.1826
_ | 2 2 ~
(c) Q= 7 NG |~ 0.4472  0.8165 0.3651
0 1 5 0 0.4082 —-0.9129
L V6 /30
VB0 0 199361 0 0
R= 0 V6 _% ~ 0 2.4495 —2.8577
5 0 0 —0.9129
L 0 0 =T
We have (u,cv) = ¢(u,v) = ¢(0) = 0.
If v is in span {uj, ug, ..., u,} then v is a linear combination of u, us,...,u,. Let v =aju; + asus +
-+++apuy,. Then (u,v) = a;(u,uy)+az(u,uz)+---+a,(u,u,) = 0since (u,u;) =0fori=1,2,...,n.

Let W be the subset of vectors in R™ that are orthogonal to u. If v and w are in W then (u,v) =
(u,w) = 0. It follows that (u,v+w) = (u,v)+ (u,w) = 0, and for any scalar ¢, (u,cv) = c(u,v) =0,
so v+ w and cv are in W. Hence, W is a subspace of R".

Let T = {v1,va,...,V,} be a basis for Euclidean space V. Form the set @ = {uy,...,ux,v1,...,Vy}.
None of the vectors in @ is the zero vector. Since @) contains more than n vectors, @) is a linearly
dependent set. Thus one of the vectors is not orthogonal to the preceding ones. (See Theorem 5.4).
It cannot be one of the u’s, so at least one of the v’s is not orthogonal to the u’s. Check vy - uy,
j=1,...,k If all these dot products are zero, then {uj,...,ux, vy} is an orthonormal set, otherwise
delete vi. Proceed in a similar fashion with v;, i = 2,...,n using the largest subset of @) that has been
found to be orthogonal so far. What remains will be a set of n orthogonal vectors since @) originally
contained a basis for V. In fact, the set will be orthonormal since each of the u’s and v’s originally
had length 1.

S ={vi1,Va,..., vk} is an orthonormal basis for V. Hence dim V' = k and
0, ifi#j.
(Viavj) = .
1, ifi=j.
Let T' = {a1v1,a2Va,...,arvy} where a; # 0. To show that T is a basis we need only show that it

spans V and then use Theorem 4.12(b). Let v belong to V. Then there exist scalars ¢;, i = 1,2,...,k
such that

V=cCV]+cCVvy+ -+ CpVg.
Since a; # 0, we have

C1 C2 Ck
V= —a1Viy + —a2Va + -4 —QEVE
a1 a2 ag

so span T' = V. Next we show that the members of T are orthogonal. Since S is orthogonal we have

0, ifi#j
(aiVi,ajVj) = aiaj(VuVj) = { [P .
aaj, ifi=j.

Hence T is an orthogonal set. In order for 7" to be an orthonormal set we must have a;a; =1 for all 4
and j. This is only possible if all a; = 1.

We have
u;, v u;, v u;, vi_
w; =v; + (u; 1)V1+ (u; 2)vz—|—~-+M i—
(vi,v1) (va,v2) (Vi1,Vie1)
Then
o o (ui7V1) (ui;VZ) (uz‘,Vz‘A)
ry = (w, w;) = (v, wy) + (v1v1) (v, w;) + (V2. v2) (vo, wy) + -+ + Vv (Vie1, W;)

because (v;, w;) = 0 for i # j. Moreover, w; = Hv—li\lvi’ so (v, w;) = ”Vli” (vi,vi) = [|vill-
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37. If A is an n X n nonsingular matrix, then the columns of A are linearly independent, so by Theorem
5.8, A has a QR-factorization.

Section 5.5, p. 348

z
5
2. (a) 4 |3 (b) W

1

1 _3

2 2

_5 13

4. P 4

1]’ 0

0 1

544 1043 2 4
6. {5t — 1243 + 42 10t* —

I

®©
——
—
— w!,zs
o wiv

o win
>_| ol

10. Basis for null space of A: {
1

Basis for row space of A: {[

Basis for null space of AT: {

Basis for column space of A:

7 11 9 3
12. () [§ %5 § —%]
-3 g
4. (a) | 3 (b) | %
1 8
3 3
17 0
16. w = (2) ,u= 8 .
3] 0
17 Tl
18. w= 0|, u= |1
1) 1
20. 2

72
22. 37 4 cost + cos 2t.

S o = wN ww

OHO)—IMD—'I\HH

| Y Jv] [

—
o
~

SIS

~—~
o
=
—
(SN

103 + ¢, 45t

O W= =

is the normal to the plane represented by W.

— 40t + 1}

_ O wlt\: wlﬂ

—_
Wl
win
[E—
——

— WN
[NIEN T S e N = i g
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24.
25.

26.

27.

28.

29.

The zero vector is orthogonal to every vector in W.

If v is in V1, then (v,v) = 0. By Definition 5.2, v must be the zero vector. If W = {0}, then every
vector v in V is in W+ because (v,0) = 0. Thus W+ = V.

Let W = span S, where S = {vi,va,...,v;,}. If uis in W, then (u,w) = 0 for any w in W.

Hence, (u,v;) = 0 for i = 1,2,...,m. Conversely, suppose that (u,v;) =0 fori =1,2,...,m. Let

m
w = Zcivi be any vector in W. Then (u,w) = Zci(u,vi) = 0. Hence u is in W+.
i=1 i=1

Let v be a vector in R™. By Theorem 5.12(a), the column space of AT is the orthogonal complement
of the null space of A. This means that R™ = null space of A @ column space of A”. Hence, there
exist unique vectors w in the null space of A and u in the column space of AT so v =w + u.

Let V be a Euclidean space and W a subspace of V. By Theorem 5.10, we have V = W @ W+,
Let {w1,Ws,...,w,} be a basis for W, so dimW = r, and {uj,us,...,u,} be a basis for W+, so
dimW+ =s. If visin V, then v = w + u, where w is in W and u is in W+. Moreover, w and u are

unique. Then
T S
v = E a;wW; + E bjllj
i=1 j=1

s0S ={wi,Wa,...,W,, V], Va,...,Vs} spans V. We now show that S is linearly independent. Suppose
T S
Z a;W; —+ Z bjllj =0.
i=1 j=1

T S r T
Then Zaiwi = fz bjuj, so Zaiwi lies in W N W+ = {0}. Hence Zaiwi =0, and since

i=1 j=1 i=1 i=1
W1, Ws,..., W, are linearly independent, a; = as = -+ = a,, = 0. Similarly, by = by = --- = by = 0.
Thus, S is also linearly independent and is then a basis for V. This means that dimV = r + s =
dim W + dim W+, and wy, wo,...,W,,uj, Uy, ..., U, is a basis for V.
If {wy,wa,..., Wy} is an orthogonal basis for W, then
{ 1 1 1 }
— W1, W, .o, —— Wy,
[fwall = [lwe| W]

is an orthonormal basis for W, so

1 1 1 1 1 1
projy v = (V, —W1> Wit (V, —W2> W2t (v, —Wm) T—
[[w ] [[w]] [[w|l (w2l [ | (Wl

vV, W vV, W V, Wy,
(vow) o ws) L (w)

B (lewl) (W27W2) (Wm;WnL)

m-e

Section 5.6, p. 356

1.

From Equation (1), the normal system of equations is AT AX = ATb. Since A is nonsingular so is AT
and hence so is AT A. It follows from matrix algebra that (AT A)~! = A=1(AT)~! and multiplying
both sides of the preceding equation by (AT A)~1 gives

%= (ATA) AT = A~1(AT) "1 ATb = A 'b.
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4. Using MATLAB, we obtain

—-0.8165 0.3961  0.4022 —0.1213 —2.4495 —0.4082
0= —0.4082 —0.0990 —0.5037  0.7549 n— 0 1.6833 < — { 1.4118}
0 —0.5941 0.7029 0.3911 |’ 0 0 ’ —0.4706 |
0.4082  0.6931  0.3007  0.5124 0 0

6. y = 1.87+ 1.345¢, |le|| = 1.712.

7. Minimizing F, amounts to searching over the vector space P, of all quadratics in order to determine
the one whose coefficients give the smallest value in the expression FEs. Since Pj is a subspace of Ps,
the minimization of E5 has already searched over P; and thus the minimum of F; cannot be smaller
than the minimum of Ej.

8. y(t) = 4.9345 — 0.0674¢ + 0.9970 cos t.
6 -

2.5 e
0 2 4 6 8 10 12 14 16 18
9. z1 ~ 4.9345, x5 ~ —6.7426 x 1072, 23 ~ 9.9700 x 10~1.
10. Let « be the number of years since 1960 (z = 0 is 1960).
(a) y=127.871022x — 251292.9948
(b) In 2008, expenditure prediction = 5484 in whole dollars.

In 2010, expenditure prediction = 5740 in whole dollars.
In 2015, expenditure prediction = 6379 in whole dollars.

12. Let x be the number of years since 1996 (z = 0 is 1996).
(a) y = 147.186x2 — 572.67x + 20698.4
(b) Compare with the linear regression: y = 752x + 18932.2. E; ~ 1.4199 x 107, Ey ~ 2.7606 x 10°.

Supplementary Exercises for Chapter 5, p. 358
1. (u,v) =21 — 229 + 23 = 0; choose x5 = s, x5 = t. Then 1 = 2s — t and any vector of the form

2s —t -1

2
=s|1| +t
0



Supplementary Exercises

is orthogonal to u. Hence,

21 -1
)
0 1

[ 17 [ 17 17
0 -2 1
: . 1 1
2. Possible answer: NG ol 75 ol 73 o
| —1] L 1] 1]
[ 17 [ 17 17
0 -2 1
; Y 1 1
4. Possible answer: Al ey
L 0] L 0] 10
1
6. —
V14
7. If n # m, then
/ sin(mt) sin(nt) dt = sin(m —n)t_ sin(m £ n)t] " _ 0.
0 2(m —n) 2(m+mn) |,
This follows since m — n and m + n are integers and sine is zero at integer multiples of .
1 2t
8. (a) —4cost + 2sint. (b) isint. (c) Leosat
37 2
I T
NG V14 21 0.4082 —-0.2673  0.8729
— 1 3 2 |~ | =
10. (a) Q = -% T =7 0.4082  0.8018  0.4364
2 2 1 0.8165  0.5345 —0.2182
L V6 Vid Vot
6 3 3
Ve V6 V6 [2.4495 1.2247 —1.2247
R = 0 L 3 |~ 0 1.8708 0.8018
Via V14
0 0 9 0 0 1.9640
L V21
[ 2 5
3 /90 0.6667  0.5270
— 1 4 |~ | _
(b) Q= -3 ~7% | ® 0.3333 —0.4216
2 7 —0.6667  0.7379
L3 Voo
3 -1 3.0000 —1.0000
B=1p 1|~ 0 3.1623)
L~ V1o :
1 0
12. (a) The subspace of R? with basis 0], 1
2l -3
(b) The subspace of Ry with basis {[1 0 2 0],[0 1 —% -2]}.
14. (a) 2¢t.  (b) 3. (c) =52 (3t — 1).

16. +/2m.
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17. Let u = col;(I;). Then 1 = (u,u) = (u, Au) = a;;, and thus, the diagonal entries of A are equal to 1.
Now let u = col;(I,,) + col;(I,,) with i # j. Then

(u,u) = (col;(1,,), col;(I,)) + (col; (1), col; () =2
and
(u, Au) = (col;(I,,) + col;(I,), col;(A) + col;(A)) = ai; + ajj + aij + aji = 2+ 2a;
since A is symmetric. It then follows that a;; = 0, ¢ # j. Thus, A = I,.

18. (a) This follows directly from the definition of positive definite matrices.

(b) This follows from the discussion in Section 5.3 following Equation (5) where it is shown that every
positive definite matrix is nonsingular.

(c¢) Let e; be the ith column of I,,. Then if A is diagonal we have eZTAei = a;;. It follows immediately
that A is positive semidefinite if and only if a;; > 0,i=1,2,...,n.

19. (a) ||Px|| = /(Px, Px) = /(Px)TPx = VXTPTPx = \/xTI,x = VxTx = ||x]|.
(b) Let 6 be the angle between Px and Py. Then, using part (a), we have

(Px,Py) (Px)T Py B xTPT Py B xTy
P[Pyl Iyl [yl [yl

cosf =
But this last expression is the cosine of the angle between x and y. Since the angle is restricted
to be between 0 and 7 we have that the two angles are equal.

20. If A is skew symmetric then AT = —A. Note that x” Ax is a scalar, thus (x7 Ax)” = xT Ax. That
is, xTAx = (xTAx)T = xTATx = —(xT Ax). The only scalar equal to its negative is zero. Hence
xT Ax = 0 for all x.

21. (a) The columns b; are in R™. Since the columns are orthonormal they are linearly independent.
There can be at most m linearly independent vectors in R"™. Thus m > n.

(b) We have
0, fori=#£jy
b/b; = Y
1, fori=j.

It follows that BT B = I,,, since the (i, j) element of BT B is computed by taking row i of BT
times column j of B. But row i of BT is just b} and column j of B is b;.

k n
22. Let x be in S. Then we can write x = Z cju;. Similarly if y is in T, we have y = Z c;u;. Then
j=1 i=k+1

k k k n k n
(x,y) = chuj,y = ch(uj,y) = ch (uj, Z ciui> = ch < Z cl-(uj,ui)> .
j=1 j=1 j=1 j=1 i

i=k+1 i=k+1
Since j # i, (u;,u;) = 0, hence (x,y) = 0.

23. Let dimV = n and dim W = r. Since V = W @ W+ by Exercise 28, Section 5.5 dimW+ = n — r.
First, observe that if w is in W, then w is orthogonal to every vector in W+, so w is in (W=)+. Thus,
W is a subspace of (W)L, Now again by Exercise 28, dim(W=)t =n — (n—r) = r = dim W. Hence
(WHt =w.

24. If u is orthogonal to every vector in S, then u is orthogonal to every vector in V, so u is in V+ = {0}.
Hence, u = 0.
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25. We must show that the rows vi,va,...,V,, of AA” are linearly independent. Consider

a1vi +asvy -+ @y Ve, =0

which can be written in matrix form as xA = 0 where x = [al as - am] . Multiplying this equation
on the right by AT we have xAAT = 0. Since AA” is nonsingular, Theorem 2.9 implies that x = 0,
SO a; =ag = --- = a,, = 0. Hence rank A = m.

26. We have

0=((u=v),(u+v)) =(u,u)+ (u,v) — (v,u) — (v,v) = (u,u) — (v, v).
Therefore (u,u) = (v,v) and hence ||Jul| = ||v]|.
27. Let v =a1vy +agve + - -+ a, vy, and w = byvy + bave + - -+ + b, v,,. By Exercise 26 in Section 4.3,
d(v,w) = |[v — w||. Then
div,w)=|v-w|=+(v—w,v—w)
= \/((al —b1)vi+ (ag —bo)va + -+ + (an, — bp)Va, (@1 — b1)vy + (a2 — ba)ve + -+ + (an, — by)vy)
= \/(al—b1)2—|—(a2—b2)2—|—~--+(an—bn)2

since (v;,v;) =0if i # j and 1 if i = j.

G- -
B A 4t
8 [ R e v

30. |Ix|l1 = |1+ |zl + -+ |xn| > 0; [|x|| = 0 if and only if ;] =0 for i = 1,2,...,n if and only if x = 0.

28. (a) g]

o) || 5]

= 5;
1

2

= V1T;

2

llex(ly = [exr|+[ewa|+- - +|exn| = |cf |z1|+]ef [za|+- -+ el [2n] = [e|(jo1 ]+ |2|+- - +[zn]) = [e] [[x]|1-

Let x and y be in R"™. By the Triangle Inequality, |z; + y;| < |z;| + |y;| for i = 1,2,...,n. Therefore
Ix+yll = lz1 +y2l+ -+ 20 + ynl

<o+ fyrl + -+ |znl + [ynl
= (Jza] + -+ [2n]) + (yil + - + |yal)

= [Ix[lx + [y [l
Thus || || is a norm.
31. (a) [|X]lcc = max{|z1],...,|zn|} > 0 since each of |z1],...,|z,| is > 0. Clearly, ||x|| = 0 if and only if
x = 0.
(b) If ¢ is any real scalar
lcx]|oo = max{|cx1], ..., |cxn|} = max{|c||z1|,- .., |c| |xn|} = |c|max{|z1],. .., |zn|} = |c| [|X]|oco-
T
(c) Lety =[y1 y2 -+ yn] andlet
[%[loo = max{[z1], ..., |zn|} = |2]

[¥lloe = max{lyal,. .., [yal} = [uil
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for some s, t, where 1 < s <mand 1 <t <n. Then for i =1,...,n, we have using the triangle
inequality:
i + il < il + [vil < Jos] + [yl
Thus
[x +yl = max{|z1 + 1|, |20 + ynl} < [2s| + ye] = [[%[[oo + [¥ ]| oo-

32. (a) Let x be in R™. Then

Ix[3 =af 4+ +a) <af 4+ +a) + 2| |wa] + - + 2201 2]
= (Jo1| + - + |on)?

= x|
(b) Let |z;| = max{|z1],...,|zn|}. Then
[%lloo = fail <fz1]+--- +[an] =[x
Now ||x|l1 = |z1] + -+ |2n| < |@i| + -+ - + |zi]| = n|z;|. Hence

%1
< fai = [1%[loo-
n

Therefore
B3R

< e < il

Chapter Review for Chapter 5, p. 360

True or False

1. True. 2. False. 3. False. 4. False. 5. True. 6. True.
7. False. 8. False. 9. False. 10. False. 11. True. 12. True.
Quiz

Lb="2 ¢c=42

r—4s 1 —4
2. x = _3TT+ 0 = _i) +s g , where r and s are any numbers.

s 0 1
3. p(t) = a+ bt, where a = —2b and b is any number.
4. (a) The inner product of u and v is bounded by the product of the lengths of u and v.
b) The cosine of the angle between u and v lies between —1 and 1.

a) vi-vo=0,vy:-v3=0,vy-vy3=0.

(a)
(b)
(a)
(b) Normalize the vectors in S: Svy, %Vg, \/%v;;.

0
0

(¢) Possible answer: vy = 1
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(c) projyyw =

Wi Wi ol

Distance from V to w = —.

3
_1_ 2
7 3| |0

- 0 3 0
1|7 2|’
vl |75 |0

0 ol |1
.
0
8.
0
L 1]

9. Form the matrix A whose columns are the vectors in S. Find the row reduced echelon form of A. The
columns of this matrix can be used to obtain a basis for W. The rows of this matrix give the solution
to the homogeneous system Ax = 0 and from this we can find a basis for W+.

10. We have

projyy(u+v) = (u+v,wy) + (u+ v,wz) + (u+ v, ws)
= (u,wy) + (v,wy) + (u,ws) + (v, ws) + (u,w3) + (v, w3)
= (u,wy) + (u,w2) + (u,ws3) + (v,wy) + (v, w3) + (v, w3)

= projyyu + projy, v.
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Linear Transformations and Matrices

Section 6.1, p. 372

2.

4.

6.

10.

12.

14.

16.

18.

20.

Only (c) is a linear transformation.

(a)

If L is a linear transformation then L(au + bv) = L(au) + L(bv) = aL(u) + bL(v). Conversely, if the
condition holds let @ = b = 1; then L(u+ v) = L(u) + L(v), and if we let b = 0 then L(au) = aL(u).

- kK 0O
0 -1 1 k
(a) . (b) . (¢) |0 Kk of.
2 el el
_ r 0 O]
1 00 1 0
(a) . (b) |10 r 0]. (c) .
FRCH T
[ 5 —x9 + 213
(a) —4] . (b) | —2z1 + 22 + 3.%‘3] .
__7 Ty + 229 — 31‘3
—ay1 + 3ax  —bai + as
(a) [8 5]. (b) [ 5 5 }
We have

LX+Y)=AX+Y) - (X +Y)A=AX + AY — XA—YA
= (AX — XA) + (AY — Y A)
= L(X) + L(Y).
Also, L(aX) = A(aX) — (aX)A = a(AX — XA) = aL(X).
We have
L(vi+va) = (vi+ve,w) = (v1,W) + (vo,w) = L(vy1) + L(va).
Also, L(ev) = (ev,w) = ¢(v,w) = cL(v).

(@) 17t —7.  (b) (5“2_b)ﬁ+“+25b.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

Chapter 6

We have
L(u + V) = 0w = 0w + 0w = L(u) + L(V)
and
L(cu) = 0y = cOw = cL(u).
We have
Llu+v)=u+v=_L(u+L(v)
and
L(cu) = cu = cL(u).
Yes:

aq b1 a9 b2 ai; + as bl + b2
L =L
({61 d1]+{02 dz}) <[C1+Cz d1+d2]>
= (a1 + a1) + (di + d2)
= (a1 +d1) + (a2 + da)

. aq by az bo
L([Cl dlD+L<L2 d2]>'
Also, if k is any real number

G R () R R S ()}

‘We have
Lif+g9)=(+9)' =f+4g =L(f)+ L(g)
and
L(af) = (af) = af' = aL(f).
We have , , ,
L(f+g)= / (f(2) + g(x)) di = / fle)de + / g(z)dx = L(f) + L(g)
and

b b
L(cf)z/ cf(x)dm:c/ f(x)dx = cL(f).

Let X, Y be in M, and let ¢ be any scalar. Then

LIX+Y)=AX+Y)=AX+AY =L(X)+ L(Y)
L(cX) = A(cX) = ¢(AX) = cL(X)

Therefore, L is a linear transformation.

No.

No.

We have by the properties of coordinate vectors discussed in Section 4.8, L(u + v) = [u+v] =

s
[u]S + [V]S = L(u) + L(v) and L(cu) = [CU}S =c [u]s = cL(u).
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30.

31.

32.

33.

34.

35.

36.

37.

38.

Let v = [a b ¢ d] and we write v as a linear combination of the vectors in S:
avi+agve+agvstaszva=v=1[a b c d].
The resulting linear system has the solution

a1 = 4a + 5b — 3¢ — 4d as = 2a +3b—2¢c—2d
a3 =—-a—b+c+d ag = —3a — 5b + 3¢+ 4d.

Then L ([a b ¢ d]) =[-2a—5b+3c+4d  14a+19b — 12¢ — 14d].
Let L(v;) = w;. Then for any v in V, express v in terms of the basis vectors of S;

V=a1Vy+avyg +---4+a,Vy

and define L(v Z a;w;. If v= Z a;v; and w = Z b;v; are any vectors in V and c is any scalar,

=1
then

n

L(v—i—w):L(Z(ai—l—bi)) iaz—i—b Zawz—i—wal—L )+ L(w)

i=1

and in a similar fashion
n
= E Ca;W; = ¢ E a;w; = cL(v)
i=1 i=1

for any scalar ¢, so L is a linear transformation.

Let wi and wy be in L(V7) and let ¢ be a scalar. Then wy = L(v;) and wy = L(v3), where v; and va
are in V4. Then wy + wo = L(v1) + L(va) = L(vy + va) and ewy = c¢L(vy) = L(cvy). Since vq + vo
and cv; are in V4, we conclude that wy + wo and cwy lie in L(V;). Hence L(V7) is a subspace of V.

Let v be any vector in V. Then
V=cCV]+cVvas+---+cC,Vp.
We now have
Li(v) = Li(e1vy + cava+ -+ -+ ¢ vy)
=c1Li(vi) +cali(va) + -+ enLli(va)
= ClLQ(Vl) + CQLQ(VQ) + 4 CnLQ(Vn)
= Lo(c1vi +cava + -+ + ¢, V)

= LQ(V).

Let vi and vy be in L=Y(W;) and let ¢ be a scalar. Then L(vy + vo) = L(vy) + L(vz) is in W since
L(vy) and L(vg) are in Wi and W; is a subspace of V. Hence vi + vy is in L=1(W7). Similarly,
L(evy) = cL(vy) is in Wy so cvy is in L™H(W7). Hence, L= (W) is a subspace of V.

Let {e1,...,e,} be the natural basis for R". Then O(e;) = 0 for i = 1,...,n. Hence the standard
matrix representing O is the n x n zero matrix O.

Let {e1,...,e,} be the natural basis for R™. Then I(e;) = e; for i = 1,...,n. Hence the standard
matrix representing I is the n x n identity matrix I,,.

Suppose there is another matrix B such that L(x) = Bx for all x in R". Then L(e;) = Be; = Col;(B)
for j = 1,...,n. But by definition, L(e;) is the jth column of A. Hence Col;(B) = Col;(A) for
j=1,...,n and therefore B = A. Thus the matrix A is unique.

(a) 71 52 33 47 30 26 84 56 43 99 69 55. (b) CERTAINLY NOT.
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Section 6.2, p. 387

2.

10.

12.

14.

15.

16.

18.

19.

©

(a) No. (b) Yes. (c) Yes. (d) No.

(e) All vectors of the form {_QG} , where a is any real number.
a

0 psste ver s {[].[] )

(a) {[0 0]}. (b) Yes. (¢) No.
(a) A possible basis for ker L is {1} and dimker L = 1.
(b) A possible basis for range L is {2t3,¢?} and dimrange L = 2.

(a) {—t2+t+1}.  (b) {t,1}.

R Y i Ik |

(a) Follows at once from Theorem 6.6.
(b) If L is onto, then range L = W and the result follows from part (a).
(a) If L is one-to-one then dim ker L = 0, so from Theorem 6.6, dim V' = dimrange L. Hence range L =
w.
(b) If L is onto, then W = range L, and since dim W = dim V', then dimker L = 0.
If y is in range L, then y = L(x) = Ax for some x in R™. This means that y is a linear combination

of the columns of A, so y is in the column space of A. Conversely, if y is in the column space of A,
then y = Ax, soy = L(x) and y is in range L.

-2 0
0 1
(a) A possible basis for ker L is 11,10| p; dimker L = 2.
1 0
0 0
1 0 0
. . . 0 1 0 .
(b) A possible basis for range L is ol ol 11 ; dimrange L = 3.
1 -1 0
Let S = {v1,va,...,v,} be a basis for V. If L is invertible then L is one-to-one: from Theorem 6.7

it follows that T = {L(vy), L(v2),...,L(v,)} is linearly independent. Since dimW = dimV =mn, T
is a basis for W. Conversely, let the image of a basis for V under L be a basis for W. Let v # Oy
be any vector in V. Then there exists a basis for V' including v (Theorem 4.11). From the hypothesis
we conclude that L(v) # Ow . Hence, ker L = {0y} and L is one-to-one. From Corollary 6.2 it follows
that L is onto. Hence, L is invertible.

1 0 1
(a) Range L is spanned by 2|, 11|, |1| p. Since this set of vectors is linearly independent, it is
3 1 0

a basis for range L. Hence L: R? — R? is one-to-one and onto.

—
o
=

Wi i Wl
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20.

22.

23.

24.

26.
28.

29.

30.

31.

If S is linearly dependent then a1vy + aavs + - - - 4+ anv, = Oy, where ay, as, ..., ay are not all 0. Then
a1 L(vy) + asL(va) + -+ + ap L(vy) = L(0y) = O,

which gives the contradiction that T is linearly dependent. The converse is false: let L: V' — W be
defined by L(v) = Oy .

A possible answer is L ([ul uQ]) = [ul 4+ 3us —ui +us 2uy — uﬂ.

2u1 — Uus
(a) L is one-to-one and onto. (b) | —2u; — ug + 2uz|.
U1 + us — usg

If L is one-to-one, then dim V = dimker L + dimrange L = dimrange L. Conversely, if dimrange L =
dim V, then dimker L = 0.

() 7, (b) 5.
(a) Let a =0, b=1. Let

N N

1 forx=

@) = {0 for x #

Then L(f) = fol f(z)dx =0= L(0) so L is not one-to-one.

(b) Let a =0, b= 1. For any real number ¢, let f(z) = ¢ (constant). Then L(f) = fol cdz = c. Thus
L is onto.

Suppose that x; and x5 are solutions to L(x) = b. We show that x; — x5 is in ker L:

L(Xl — XQ) = L(Xl) — L(XQ) =b-b=0.

Let L: R — R™ be defined by L(x) = Ax, where A is m x n. Suppose that L is onto. Then
dimrange L = m. By Theorem 6.6, dimker L = n — m. Recall that ker L = null space of A, so nullity
of A=n—m. By Theorem 4.19, rank A = n — nullity of A =n — (n — m) = m. Conversely, suppose
rank A = m. Then nullity A = n — m, so dimker L = n — m. Then dimrange L = n — dimker L =
n — (n —m) = m. Hence L is onto.

From Theorem 6.6, we have dimker L + dimrange L = dim V.

(a) If L is one-to-one, then ker L = {0}, so dimker L = 0. Hence dimrange L = dimV = dim W so L
is onto.

(b) If L is onto, then range L = W, so dimrange L = dim W = dim V. Hence dimker L = 0 and L is
one-to-one.

Section 6.3, p. 397

1000 0 -1 1 -1
(@) |01 10/. (|0 1 0 3. (c)[20 2.
0011 1 1 0 1
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1 0 2 0 4 3 0 3 0o 3 0 4 1130
010 2 -6 -5 —4 -3 -2 -3 -2 —4 2101
. . (b d .
S@ilsga0 ®ls 3 7 o D3 0 a4 o Disgsqo
10 3 0 4 8 6 4 4 2 4 2 6 4 3 0 3
[1 0 1 1
10. (a) [0 1|. () |% 3 (c) —3t* + 3t + 3.
0 1 3 —3
12. Let S = {vy,Va,...,V;n} be an ordered basis for U and T' = {v1,Va,...,Vy, Vini1,. ..,V an ordered
basis for V' (Theorem 4.11). Now L(v,) for j = 1,2,...,m is a vector in U, so L(v;) is a linear
combination of vi,va,...,vy,. Thus L(v;) = a1vi + agve + - - + @ Vi, + 0Viyq1 + - - - + 0v,,. Hence,
Fa
as

wold w3 ofl o[ of)

15. Let S = {vy,va,...,v,} be an ordered basis for V and T = {wy,wa,...,w,,} an ordered basis for
W. Now O(v;) =0y for j =1,2,...,n, so

0

0
[O(v))], =

16. Let S = {v1,va,...,v,} be an ordered basis for V. Then I(v;) =v; for j =1,2,...,n, so

[I(Vj)}s = |1| « jthrow.
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21. Let {vy,Vva,...,v,} be an ordered basis for V. Then L(v;) = c¢v;. Hence

c| <« ith row.

[L(V,L)} s 0
_O_
c 0 -+ 0
0 ¢ --- 0
Thus, the matrix | . .| = cl, represents L with respect to S.
0 c

23. Let I: V — V be the identity operator defined by I(v) = v for v in V. The matrix A of I with respect
to S and T is obtained as follows. The jth column of A is [I(Vj)]T = [Vj]T, so as defined in Section
3.7, A is the transition matrix Pr_g from the S-basis to the T-basis.

Section 6.4, p. 405

1. (a) Let u and v be vectors in V and ¢; and ¢ scalars. Then

(Ll H Lg)(clu + CQV) = Ll(clu + CQV) + L2 (Clll + CQV)
(from Definition 6.5)
= clLl(u) + CQLl(V) + cng(u) + CQLQ(V)
(since Ly and Lo are linear transformations)
= c1(L1(u) + La(u)) + c2(L1(v) + La(v))
(using properties of vector operations since the images are in W)
= Cl(Ll H LQ)(U) + CQ(Ll H LQ)(V)
(from Definition 6.5)

Thus by Exercise 4 in Section 6.1, Ly B Lo is a linear transformation.
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(b) Let u and v be vectors in V and k; and ko be scalars. Then

(cO L)(kyua+ kav) = cL(kiu + kov)
(from Definition 6.5)
= c(k1L(u) 4+ ko L(v))
(since L is a linear transformation)
= ck1L(u) + ckoL(v)
(using properties of vector operations since the images are in W)
= kicL(u) + kocL(v)
(using properties of vector operations)
=ki(cL)(u) + ka(cED L)(v)
(by Definition 6.5)

(c) Let S ={vi,va....,v,}. Then

A=, (L2l - Bl |-

The matrix representing c [ L is given by

[ L], [2ov2)], o (B, ]
:’[cw Dy [eBLv)], o [eB LA, |

= [lertvly lebtwall, - fentval, |
by Definition 6.5)

(
el el o eftwl, ]

(by properties of coordinates)
(

=c[ [Lvl, [E0v2)], o (L)), | =ea
(by matrix algebra)

o

(a) (OHL)(u) =0(u) + L(u) = L(u) for any u in V.

(b) For any uin V, we have

[LB((-1)B L)](u) = L(u) + (-1)L(u) = 0 = O(u).

4. Let L1 and Lo be linear transformations of V into W. Then L,HLy and c[:1L; are linear transformations
by Exercise 1 (a) and (b). We must now verify that the eight properties of Definition 4.4 are satisfied.
For example, if v is any vector in V', then

(Ll EE LQ)(V) = Ll(V) =+ L2(V) = LQ(V) =+ Ll(V) = (L2 Eﬂ Ll)(V)
Therefore, L1 B Ly = Ly B L. The remaining seven properties are verified in a similar manner.

6. (L2 9] Ll)(au + bV) = Lg(Ll(au + bV)) = Lg(aLl (u) + bLl(V))
= aLg(Ll(u)) + bLQ(Ll (V)) = a(L2 o Ll)(u) + b(LQ o Ll)(V)

®

(a) [—3u1 —Bus —2u3 4uy + Tus +4us 11wy + 3us + 10us).
(b) [8’&1 + 4UQ + 4U3 —3’LL1 + 2U2 + 3’LL3 u + 5U2 + 4U3] .
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-3 =5 —2 8 4 4
@ | 4 7 4. (@ |-3 2 3].
11 3 10 15 4

10. Consider u1Lq 4+ ugLo + usLs = O. Then
(urLy +usLo +usLs) ([1 0 0])=0([1 0 0])
=[0 0]
=ui [l 1 +u[l 0] +uz[l 0
= [u1 +us+us w.
Thus, u; = 0. Also,
(wiLy +usLo+usLs) ([0 1 0])=0([0 1 0])=1[0 0] =[u1 —u2 wus].
Thus us = ug = 0.
12. (a)4.  (b)16.  (c) 6.
13. (a) Verify that L(au+ bv) = aL(u) + bL(v).
aij

agq

(b) L(v;) = a1;w1 + agjWa + - - + G Wiy, SO [L(vj)]T = ,J = the jth column of A. Hence A

Qmj
represents L with respect to S and T'.

14, (a) L(er) = H L(es) = [ﬂ Lies) = [_ﬂ

Uy + 2us — 2uz
b .
( ) |:3U1 + 4U2 — U3:|

16. Possible answer: L; <[u1]> = [ ul} and Lo <[ul]> = |:’U,2:|
U2 —U2 (%) U1

18. Possible answers: L ({uﬂ) = {ul B u2]; L <[u1}> = {0 }
U2 Uy — U2 U2 Uy

1 _ 1 1

2 2 2

20. | -3 3 —3
1 i _ 1

L 2 2 2
[~ —6 2
22. 1 4 1 0
[ 3 3 -1

23. From Theorem 6.11, it follows directly that A% represents L2 = L o L. Now Theorem 6.11 implies that
A3 represents L3 = L o L?. We continue this argument as long as necessary. A more formal proof can
be given using induction.

2 |22

gle 2~
SIS
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Section 6.5, p. 413

1. (a) A=1I;1AL,.
(b) If B= P 'AP then A= PBP~!. Let P"' =Q so A=Q 'BQ.
(c) If B= P 'AP and C = Q7 'BQ, then C = Q 'P 'APQ and letting M = PQ we get C =

M~1AM.
L Al pen o
2. (a) (b) S @t 1ol @lo 1 0 3| (3
0001 0 1 -1 0 1 1 1 0 1
1100 0O 0 1 0
1110 0 O 17
01 01 1 0 -1 -1
4. P = Pl = .
001 o0l 0 0 0
1 000 -1 1 1]
ro 0 0 1771 0 2 071 110
1 0 -1 -1 01020101
1 _
PAP_00103040 0010
l1-1 1 1 1] [0 3 0 4] 11 0 0 O
0 3 0 471 1 1 0] 4 3 0 3
|-2 -3 —2 —4| o101 |6 -5 —4 -3
N 3 0 4 0|00 10 3 3 7 0
2 4 2 6][1 00 1] 8§ 6 4 4

6. If B= P~ 'AP, then B> = (P7'AP)(P~'AP) = P~'A%?P. Thus, A% and B? are similar, etc.
7. If B= P71AP, then BT = PTAT(P~1)T. Let Q = (P~1)T, so BT = Q~1ATQ.

8. If B = P~1AP, then Tr(B) = Tr(P~1AP) = Tr(APP~1) = Tr(AL,) = Tr(A).
0 1
10. Possible answer: 11,10],
1 1 0
11. (a) If B= P71AP and A is nonsingular then B is nonsingular.
(b) If B= P71AP then B~' = P~1A-1P.
12. [ 0 _1].
-1 0
1 1 1 1 0 0
14-P=[1 _J,Q= 0 1 1[.Qt'=] 3 1 3
11 -+ % 4
1 0 0]][1 O 1 0 1 1
B=QAP=| 4 4 - 01{1 1}= ! 0[1 1]=% )
—1 1 |01 1 -1 —1 1 1 -1 1 _s3
2 2 2 2 2 2

16. A and O are similar if and only if A = P~'OP = O for a nonsingular matrix P.
17. Let B = P71AP. Then det(B) = det(P~1AP) = det(P) ! det(A) det(P) = det(A).
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Section 6.6, p. 425

6.

8.

10.

4 L
3+
3 0 -1
2k
(a) 1 by M=|0 1 -1
J 00 1
o 1 2 3 4
4 L
3 F 1 1
—-17 [0 ) 3 0 —3
© [~1]. ]3| I Q=0 1 -1
1] 1] [t Ir
_|1 //I 1 1 1 O O 1
/ O1 2 3 4
-1
4 F
_1 1 3 3
2 2 2 5
1 3 i
€ [-%1], (1], |2 i
1 1 1 _|1 1 1 1 1
011 2 3 4
(f) No. The images are not the same since the matrices M and @ are different.
10 2
(a) M=1[0 1 2
001
10 =2
(b) Yes, compute P~ P~1 = [0 1 -2
00 1
1 0 -3 101
A=[0 1 —2|and B= |0 1 3|. The images will be the same since AB = BA.
0 0 1 001
The original triangle is reflected about the z-axis and then dilated (scaled) by a factor of 2. Thus the

matrix M that performs these operations is given by

2 00][1 0O 2 00
M=|0220||0 -1 0|=]0 -2 0
001][0 01 0 01

Note that the two matrices are diagonal and diagonal matrices commute under multiplication, hence
the order of the operations is not relevant.

Here there are various ways to proceed depending on how one views the mapping.

Solution #1: The original semicircle is dilated by a factor of 2. The point at (1,1) now corresponds
to a point at (2,2). Next we translate the point (2,2) to the point (—6,2). In order to translate point
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(2,2) to (—6,2) we add —8 to the z-coordinate and 0 to the y-coordinate. Thus the matrix M that
performs these operations is given by

1 0 =8]([2 00 2 0 =8
M=({0 1 0|0 20|=|0 2
0 0 111001 0 0 1

Solution #2: The original semicircle is translated so that the point (1, 1) corresponds to point (—3,1).
In order to translate point (1,1) to (—3,1) we add —4 to the z-coordinate and 0 to the y-coordinate.
Next we perform a scaling by a factor of 2. Thus the matrix M that performs these operations is given

by
2 0071 0 —4 2 0 -8
M=]|020||01 o|l=|02 o
00100 1 00 1

Note that the matrix of the composite transformation is the same, yet the matrices for the individual
steps differ.

12. The image can be obtained by first translating the semicircle to the origin and then rotating it —45°.
Using this procedure the corresponding matrix is

2% 0o 2 ¢ V2
—|_vz2 v T I BV R
M=|-¥2 ¥ 0| |0 1 —1|=|-¥ ¥

o o 1|00 1 0o 0 1

14. (a) Since we are translating down the y-axis, only the y coordinates of the vertices of the triangle
change. The matrix for this sweep is

1 00 0
01 0 Sj+110
0 0 1 0
0 0 O 1

(b) If we translate and then rotate for each step the composition of the operations is given by the
matrix product

100 0 cos(sjp1m/4) 0 sin(sjpim/4) 0O
0 1 0 sj4110 0 1 0 0
0 01 0 —sin(s;q1m/4) 0 cos(sjpim/4) 0
0 0 O 1 0 0 0 1

cos(sjpim/4) 0 sin(sjpim/4) 0

. 0 1 0 Sj+1].0
| —sin(sjp1m/4) 0 cos(sj17/4) 0
0 0 0 1

(¢) Take the composition of the sweep matrix from part (a) with a scaling by % in the z-direction. In
the scaling matrix we must write the parameterization so it decreases from 1 to %, hence we use
1—s541 (%) We obtain the matrix

100 O 10 0 0 10 0 0
01 0 s1110( |0 1 0 o o1 0 $j+110
001 0 0 0 1—s;51(3) Of |0 0 1—-s;41(3) O
000 1 00 0 1 0 0 0 1
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Supplementary Exercises for Chapter 6, p. 430

1.

10.
12.

14.

16.

17.

18.

19.

Let A and B belong to M,,, and let ¢ be a scalar. From Exercise 43 in Section 1.3 we have that
Tr(A+ B) = Tr(A) + Tr(B) and Tr(cA) = ¢Tr(A). Thus Definition 6.1 is satisfied and it follows that
Tr is a linear transformation.

. Let A and B belong to M,,,, and let ¢ be a scalar. Then L(A+B) = (A+B)T = AT+BT = L(A)+L(B)

and L(cA) = (cA)T = cAT = cL(A), so L is a linear transformation.

(C) % [2U1 + ug + usg 4'LL1 — 4’LL2 + 2U3 7'LL1 — 4'LL2 + 2’LL3]

(a) No. (b) Yes. (c) Yes. (d) No. (e) —t>—t+1 (f) 3 ¢

iz~ {0 Phamasnovass w0 {2 L 0 1 )

A possible basis consists of any nonzero constant function.

(a) A possible basis is {t — 1 }.
(b) A possible basis is {1}.
(c) dimker L +dimrangeL =1+ 1=2=dim P;.
(a) L(pi(t)) =3t =3, L(p2(t)) = —t + 8.
2 -3

0) (L)) =[] o], = [

(c) §(~t+5).
Let u be any vector in R" and assume that ||L(u)| = |lul|. From Theorem 6.9, if we let S be the
standard basis for R™ then there exists an n x n matrix A such that L(u) = Au. Then
IZ(w)[|* = (L(u), L(w)) = (Au, Au) = (u, A" Au)

by Equation (3) of Section 5.3,, and it then follows that (u,u) = (u, AT Au). Since AT A is symmetric,
Supplementary Exercise 17 of Chapter 5 implies that AT A = I,,. It follows that for v, w any vectors
in R™,
(L(u), L(v)) = (Au, Av) = (u, AT Av) = (u,v).

Conversely, assume that (L(u), L(v)) = (u,v) for all u, v in R*. Then ||L(u)||?> = (L(u),L(u)) =
(u,u) = |lul?, so [|L(w)[| = |ju].
Assume that (L + Lg)? = L3 + 2Ly o Ly + L3. Then

L3+ LioLy+LyoLly +L3=1L34+2Ly0Ly+ L3,
and simplifying gives L1 o Ly = Ly o Ly. The steps are reversible.
If (L(u), L(v)) = (u,v) then
(L(u), L(v)) _ (a,v)
L)LV [l vl

where 6 is the angle between L(u) and L(v). Thus 6 is the angle between u and v.

cosf =

(a) Suppose that L(v) = 0. Then 0 = (0,0) = (L(v), L(v)) = (v,v). But then from the definition of
an inner product, v = 0. Hence ker L = {0}.
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(b) See the proof of Exercise 16.

20. Let w be any vector in range L. Then there exists a vector v in V such that L(v) = w. Next there
exists scalars cq,...,cg such that v =cyvy + -+ 4+ cxvg. Thus

w=L(civi+ -+ cxvg) =1 L(vy) + - + e L(vg).
Hence {L(v1), L(v2),...,L(vg)} spans range L.

21. (a) We use Exercise 4 in Section 6.1 to show that L is a linear transformation. Let

U U1
u2 V2
u=| . and v =
Un, Un

be vectors in R™ and let r and s be scalars. Then

U U1 ru1 + Svp

Ug V2 TU2 + SU2
Lira+sv)=L|r| . |+s]| . =1L

Unp, Un, TUp + SU,

= (ruy + sv1)vy + (rug + svg)ve + -+ - + (ruy + sUn) Ve
=r(uivy +uava + - +upvy) + s(v1vy + vava + -+ vpVy)
=rL(u) 4+ sL(v)

Therefore L is a linear transformation.
(b) We show that ker L = {0y }. Let v be in the kernel of L. Then L(v) = a;vi+asve+---a,v, = 0.

Since the vectors vi, va, ..., v, form a basis for V, they are linearly independent. Therefore
a1 =0,a3 =0, ..., a, =0. Hence v = 0. Therefore ker L = {0} and hence L is one-to-one by
Theorem 6.4.

(c) Since both R™ and V have dimension n, it follows from Corollary 6.2 that L is onto.

22. By Theorem 6.10, dimV* =n-1 =n, so dim V* = dim V. This implies that V and V* are isomorphic
vector spaces.

23. We have BA = A=}(AB)A, so AB and BA are similar.

Chapter Review for Chapter 6, p. 432

True or False

1. True. 2. False. 3. True. 4. False. 5. False.
6. True. 7. True. 8. True. 9. True. 10. False.
11. True. 12. False.
Quiz
10

1. Yes. 2. (b .

es (b) {k 1]

11 -1

3. (a) Possible answer: |1 2 —1]. (b) No.

13 -1
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Chapter 7

Eigenvalues and Eigenvectors

Section 7.1, p. 450

2. The characteristic polynomial is A2 — 1, so the eigenvalues are A\; = 1 and \o = —1. Associated

. 1 -1
eigenvectors are x; = 1 and xg = nE

4. The eigenvalues of L are \; = 2, Ao = —1, and A3 = 3. Associated eigenvectors are x; = [1 0 0],
xp=[1 -1 0],andxs=[3 1 1].

6. (a) p(A\) = A2 — 2\ = A\(A — 2). The eigenvalues and associated eigenvectors are:

—1
)\1:0; X1:|:1:|

1
AQZQ; X2|:1:|

(b) p(A) = A3 —2X2 =51 +6 = (A+2)(A—1)(A —3). The eigenvalues and associated eigenvectors are

0
)\12—2; X1 = 0
L1
6T
)\2217 X9 = 3
8.
01
)\323; X3 = 5
2]

(c) p(A) = A3. The eigenvalues and associated eigenvectors are

1
)\1:/\22/\320; X1 = 0
0
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(d) p(A) = A3 =522+ 21 +8 = (A+1)(A —2)(A —4). The eigenvalues and associated eigenvectors are

-8
AL =-—1; x; = |10
L7
B
/\222; X9 = —2
L1
(1
/\324; X3 = 0
11

8. (a) p(A) = A2+ X —6=(A—2)(A+3). The eigenvalues and associated eigenvectors are:

(b) p(\) = A2 + 9. No eigenvalues or eigenvectors.
(c) p(A) = A3 —15A2 472X — 108 = (A — 3)(\ — 6)2. The eigenvalues and associated eigenvectors are:
-2

/\1:3; X1 = 1
0

A2:>\3:6; X9 = X3 =

O = =

(d) p(A) = A3+ X = A(A%2 +1). The eigenvalues and associated eigenvectors are:

0
)\120; X1 = 0
1

10. (a) p(A) = A2+ A+1—i=(A—i)(A+1+1i). The eigenvalues and associated eigenvectors are:

AL =14 X1 = {ﬂ

)\2:—1—i; X9o = |:_11_,L:|

(b) p(A) = (A = 1)(A\%2 = 2iXA —2) = (A — 1)[A — (1 +9)][A — (=1 +4)]. The eigenvalues and associated
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eigenvectors are:

1
)\1:1+i; X1 = 1
10
-1
Ay = —1+41; Xo = 1
L0
[0
)\3:1; X1 = 0
1

(c) p(A) = A3+ X = XA +14)(\ —14). The eigenvalues and associated eigenvectors are:

0
A1 =0; x1 =10
L1
—17
)\in; X9o = 1
L1
—17
)\3:—i; X1 = —1
L1

(d) p(A) = X2(A=1)+9(A—1) = (A= 1)(A—3i)(A+3i). The eigenvalues and associated eigenvectors

are:
[0
)\1 = 1, X1 = 1
10
3%
Ao = 3¢; xo= 10
| 1
[—3i
)\3 = —31.; X1 = 0
L 1

11. Let A = [aij} be an n X n upper triangular matrix, that is, a;; = 0 for ¢ > j. Then the characteristic
polynomial of A is

A—ai —a12 s —A1n
0 A—ax - —ag,
p(A) =det(M\, — A) = : : . : =A—an)(A—az) (A= anm),
0 0 0 A—apn

which we obtain by expanding along the cofactors of the first column repeatedly. Thus the eigenvalues
of A are aiq,...,ann, which are the elements on the main diagonal of A. A similar proof shows the
same result if A is lower triangular.
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12.

14.

15.

16.

18.

20.

21.

22.

Chapter 7

We prove that A and AT have the same characteristic polynomial. Thus
pa(N) = det(M, — A) = det((M,, — A)T) = det(A\ T — AT)
= det(\, — AT) = par (N).

Associated eigenvectors need not be the same for A and A”. As a counterexample, consider the matrix
in Exercise 7(c) for Ay = 2.

Let V be an n-dimensional vector space and L : V' — V be a linear operator. Let A be an eigenvalue
of L and W the subset of V' consisting of the zero vector Oy, and all the eigenvectors of L associated
with A\. To show that W is a subspace of V, let u and v be eigenvectors of L corresponding to A and
let ¢; and ¢g be scalars. Then L(u) = Au and L(v) = Av. Therefore

L(ciu+ cav) = 1 L(u) + caL(v) = ciAu+ e Av = A(cpu + cov).

Thus c;u+cyv is an eigenvector of L with eigenvalue A. Hence W is closed with respect to addition and
scalar multiplication. Since technically an eigenvector is never zero we had to explicitly state that Oy
was in W since scalars ¢; and ¢ could be zero or ¢; = —ce and u = v making the linear combination
ciu + cov = Oy. It follows that W is a subspace of V.

We use Exercise 14 as follows. Let L : R™ — R™ be defined by L(x) = Ax. Then we saw in Chapter
4 that L is a linear transformation and matrix A represents this transformation. Hence Exercise 14
implies that all the eigenvectors of A with associated eigenvalue A, together with the zero vector, form
a subspace of V.

To be a subspace, the subset must be closed under scalar multiplication. Thus, if x is any eigenvector,
then Ox = 0 must be in the subset. Since the zero vector is not an eigenvector, we must include it in
the subset of eigenvectors so that the subset is a subspace.

-1 0
(a) 0],(1
L 1] [0
[0
0
ORAN
LO
3 1
(a) Possible answer: _i) (b) Possible answer: 8
0 0

If X\ is an eigenvalue of A with associated eigenvector x, then Ax = Ax. This implies that A(Ax) =
A(Xx), so that A%x = AAx = A\(Ax) = A?x. Thus, A\? is an eigenvalue of A? with associated eigenvector
x. Repeat k times.

Let A = E ﬂ . Then A? = {i _481} . The characteristic polynomial of A? is
det(\L — 4%) = | * 77 T = (A= 5)(A—8) — 4= 07— 130+ 36 = (A= (A - 9).

Thus the eigenvalues of A% are \; = 9 and Ay = 4 which are the squares of the eigenvalues of matrix A.
(See Exercise 8(a).) To find an eigenvector corresponding to A\; = 9 we solve the homogeneous linear

system
on =[] () = ]
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Row reducing the coefficient matrix we have the equivalent linear system

b o[- 1]

whose solution is 1 = r, 9 = —r, or in matrix form

Thus A1 = 9 has eigenvector

=]

To find eigenvectors corresponding to Ao = 4 we solve the homogeneous linear system

(41 — A%)x = [_11 —44] [zj N m '

Row reducing the coefficient matrix we have the equivalent linear system

b o]0 =[d

whose solution is 21 = 4r, 9 = r, or in matrix form

il
-[]

We note that the eigenvectors of A2 are eigenvectors of A corresponding to the square of the eigenvalues
of A.

Thus Ay = 4 has eigenvector

23. If A is nilpotent then A¥ = O for some positive integer k. If X is an eigenvalue of A with associated
eigenvector x, then by Exercise 21 we have O = A¥x = A\*x. Since x # 0, A* =0s0 A = 0.

24. (a) The characteristic polynomial of A is
f(A) = det(A\L, — A).
Let A1, Ao, ..., A\, be the roots of the characteristic polynomial. Then
F) = A =A)A=A2) - (A= An).
Setting A = 0 in each of the preceding expressions for f(\) we have
f(0) = det(—A) = (—1)" det(A)

and

F0) = (=A)(=A2) -+ (=An) = (=1)" A1 Aa -+ A
Equating the expressions for f(0) gives det(A) = Ay Ag---\,. That is, det(A) is the product of
the roots of the characteristic polynomial of A.

(b) We use part (a). A is singular if and only if det(A) = 0. Hence A1 Az -\, = 0 which is true if
and only if some A; = 0. That is, if and only if some eigenvalue of A is zero.
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(c) Assume that L is not one-to-one. Then ker L contains a nonzero vector, say x. Then L(x) =
0y = (0)x. Hence 0 is an eigenvalue of L. Conversely, assume that 0 is an eigenvalue of L.
Then there exists a nonzero vector x such that L(x) = 0x. But 0x = Oy, hence ker L contains a
nonzero vector so L is not one-to-one.

(d) From Exercise 23, if A is nilpotent then zero is an eigenvalue of A. It follows from part (b) that
such a matrix is singular.

25. (a) Since L(x) = Ax and since L is invertible, we have x = L= (Ax) = AL~!(x). Therefore L=!(x) =
(1/X\)x. Hence 1/) is an eigenvalue of L~! with associated eigenvector x.

(b) Let A be a nonsingular matrix with eigenvalue A and associated eigenvector x. Then 1/X is an
eigenvalue of A~! with associated eigenvector x. For if Ax = Ax, then A~ 'x = (1/\)x.

26. Suppose there is a vector x # 0 in both S; and S3. Then Ax = A;x and Ax = A2x. So (A2 —A1)x = 0.
Hence \; = As since x # 0, a contradiction. Thus the zero vector is the only vector in both S7 and Ss.

27. If Ax = \x, then, for any scalar r,
(A+rl)x=Ax+rx =Ax+rx = (A+7r)x.
Thus A + r is an eigenvalue of A 4 rI,, with associated eigenvector x.

28. Let W be the eigenspace of A with associated eigenvalue \. Let w be in W. Then L(w) = Aw = \w.
Therefore L(w) is in W since W is closed under scalar multiplication.

29. (a) (A+B)x=Ax+Bx=Xx+px=(A+p)x
(b) (AB)x = A(Bx) = A(px) = p(Ax) = prx = (Ap)x

30. (a) The characteristic polynomial is p(A) = A3 — A2 — 24\ — 36. Then

000
p(A) = A3 — A2 244 36I;= [0 0 0
000
(b) The characteristic polynomial is p(\) = A> — 7A + 6. Then
000
p(A)=A* - TA+6I3=[0 0 0
000
(c) The characteristic polynomial is p(A\) = A2 — 7TA + 6. Then
p(A) = A2 —TA+ 61, = [8 8} .

31. Let A be an n x n nonsingular matrix with characteristic polynomial
pPA) =N+ N a1 A+ an.
By the Cayley-Hamilton Theorem (see Exercise 30)
p(Ad)=A"+a A"+t a, 1A +a,l, =O.
Multiply the preceding expression by A~! to obtain

A g A2 tan i, +a, AT = 0.
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Rearranging terms we have
an A7t = —A"t — g A2 — a1,

Since A is nonsingular det(A) # 0. From the discussion prior to Example 11, a,, = (—1)™ det(A), so
an # 0. Hence we have

A71 = —ai (Anil + alA"72 + -+ anfl-[n) .

32. The characteristic polynomial of A is

A—a —b

p()\)z‘ . A_d‘:(A—a)(A—d)—bc:AZ—(aer)AJr(ad—bc):A2—Tr(A)eret(A).

33. Let A be an n x n matrix all of whose columns add up to 1 and let x be the m x 1 matrix

1

%
I

Then

Therefore A = 1 is an eigenvalues of AT. By Exercise 12, A = 1 is an eigenvalue of A.

34. Let A = [aij]. Then ap; = 0 if £ # j and ag, = 1. We now form A, — A and compute the
characteristic polynomial of A as det(Al, — A) by expanding about the kth row. We obtain (A — 1)
times a polynomial of degree n — 1. Hence 1 is a root of the characteristic polynomial and is thus an
eigenvalue of A.

35. (a) Since Au = 0 = Ou, it follows that 0 is an eigenvalue of A with associated eigenvector u.

(b) Since Av = 0v = 0, it follows that Ax = 0 has a nontrivial solution, namely x = v.

Section 7.2, p. 461

2. The characteristic polynomial of A is p(A) = A\? — 1. The eigenvalues are A\; = 1 and Ay = —1.

Associated eigenvectors are
1 1
X) = {_J and xg = L] .

The corresponding vectors in P; are
x1:pt)=t—1; xo:pa(t) =1+ 1

Since the set of eigenvectors {t — 1,¢ + 1} is linearly independent, it is a basis for P;. Thus P; has a
basis of eigenvectors of L and hence L is diagonalizable.

4. Yes. Let S = {sint,cost}. We first find a matrix A representing L. We use the basis S. We have
L(sint) = cost and L(cost) = —sint. Hence

A= [Lsind)], [Llcost)], } - [(1) _01} .
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We find the eigenvalues and associated eigenvectors of A. The characteristic polynomial of A is

Al

det()\lg — A) = ’ —1 )

‘:/\2+1.

This polynomial has roots A = +i, hence according to Theorem 7.5, L is diagonalizable.

6. (a) Diagonalizable. The eigenvalues are Ay = —3 and Ay = 2. The result follows by Theorem 7.5.

(b) Not diagonalizable. The eigenvalues are A\; = Ay = 1. Associated eigenvectors are x; = Xg =

0 .
e where r is any nonzero real number.

(c) Diagonalizable. The eigenvalues are Ay = 0, Ay = 2, and A3 = 3. The result follows by Theorem
7.5.

(d) Diagonalizable. The eigenvalues are \y = 1, A\ = —1, and A3 = 2. The result follows by Theorem
7.5.

(e) Not diagonalizable. The eigenvalues are \; = Ay = A3 = 3. Associated eigenvectors are
1
X1 =Xo=x3=71 |0
0

where r is any nonzero real number.

8. Let

Then P~1AP = D, so

A:PDP*:1 —4 =5
31-10 1

is a matrix whose eigenvalues and associated eigenvectors are as given.

10. (a) There is no such P. The eigenvalues of A are \; = 1, Ay = 1, and A3 = 3. Associated eigenvectors

are
1
X| =Xo =171 0f,
-1
where 7 is any nonzero real number, and
-5
X3 = -2
3
1 0 1
(b) P=1|0 —2 0. The eigenvalues of A are \; = 1, Ao = 1, and A3 = 3. Associated eigenvectors
0 1 1
are the columns of P.
1 -3 1
(¢c) P= 1|0 0 —6|. The eigenvalues of A are Ay = 4, Ay = —1, and A3 = 1. Associated
1 2 4

eigenvectors are the columns of P.
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=[]

columns of P.

} The eigenvalues of A are Ay = 1, Ay = 2. Associated eigenvectors are the

12. P is the matrix whose columns are the given eigenvectors:

p=|! 2, p=p-tap= > 9,
11 0 4

14. Let A be the given matrix.

(a) Since A is upper triangular its eigenvalues are its diagonal entries. Since A = 2 is an eigenvalue of
multiplicity 2 we must show, by Theorem 7.4, that it has two linearly independent eigenvectors.

0 =3 0] [z 0
2I3—A)x=|0 1 0] |a=| =10
0 0 0] [x3 0

Row reducing the coefficient we obtain the equivalent linear system

01 O] [z 0
0 0 0] |z2f = |0
0 0 0f Lzxs 0

It follows that there are two arbitrary constants in the general solution so there are two linearly
independent eigenvectors. Hence the matrix is diagonalizable.

(b) Since A is upper triangular its eigenvalues are its diagonal entries. Since A\ = 2 is an eigenvalue of
multiplicity 2 we must show it has two linearly independent eigenvectors. (We are using Theorem
7.4.)

0 —3 —11 [z 0
(2]3—A)X: 0 1 0 T2 | = 0
0 0 O x3 0

Row reducing the coefficient matrix we obtain the equivalent linear system

0 1 Of [=1 0
0 0 1] |z2f = |0
0 0 0] |zs 0

It follows that there is only one arbitrary constant in the general solution so that there is only
one linearly independent eigenvector. Hence the matrix is not diagonalizable.

(¢) The matrix is lower triangular hence its eigenvalues are its diagonal entries. Since they are distinct
the matrix is diagonalizable.

-1
(d) The eigenvalues of A are A; = 0 with associated eigenvector x; = 1], and Ay = A3 = 3, with
0
0
associated eigenvector |0 [. Since there are not two linearly independent eigenvectors associated
1

with Ao = A3 = 3, A is not similar to a diagonal matrix.

16. Each of the given matrices A has a multiple eigenvalue whose associated eigenspace has dimension 1,
so the matrix is not diagonalizable.
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(a) A is upper triangular with multiple eigenvalue Ay = Ay = 1 and associated eigenvector [ 0} .

0

(b) A is upper triangular with multiple eigenvalue \; = A2 = 2 and associated eigenvector |1].

0

(c) A has the multiple eigenvalue A\; = Ay = —1 with associated eigenvector

-1
1
0
-3
(d) A has the multiple eigenvalue \; = Ay = 1 with associated eigenvector ;7 .
0

18 29 0] [512 0
Lo (=2°] | 0 —512]°
20. Necessary and sufficient conditions are: (a — d)? + 4bc > 0 or that b= ¢ = 0 with a = d.
Using Theorem 7.4, A is diagonalizable if and only if R? has a basis consisting of eigenvectors of

A. Thus we must find conditions on the entries of A to guarantee a pair of linearly independent
eigenvectors. The characteristic polynomial of A is

A—a —b ‘

e g |=Oma)(A—d)—be= X\ —(a+d)A+ad—bc=0.

det(\ — A) = ‘

Using the quadratic formula the roots are

N\ (a+d) £ /(a+d)? —4(ad — be)
5 .

Since eigenvalues are required to be real, we require that
(a4 d)* —4(ad — bc) = a® + 2ad + d* — 4ad + 4bc = (a — d)* + 4bc > 0.

Suppose first that (a — d)? + 4bc = 0. Then

a+d
A =
2
is a root of multiplicity 2 and the linear system
p d—a b
a+ - T 0
L—Alx=| 2 =
e e e |

2

must have two linearly independent solutions. A 2 x 2 homogeneous linear system can have two
linearly independent solutions only if the coefficient matrix is the zero matrix. Hence it must follow
that b = ¢ = 0 and @ = d. That is, matrix A is a multiple of I5.

Now suppose (a — d)? + 4bc > 0. Then the eigenvalues are real and distinct and by Theorem 7.5
A is diagonalizable. Thus, in summary, for A to be diagonalizable it is necessary and sufficient that
(a —d)? 4+ 4bc > 0 or that b = ¢ = 0 with a = d.

21. Since A and B are nonsingular, A~ and B! exist. Then BA = A~'(AB)A. Therefore AB and BA
are similar and hence by Theorem 7.2 they have the same characteristic polynomial. Thus they have
the same eigenvalues.
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22.

23.

24.

25.

26.

27.

1 0

The representation of L with respect to the given basis is A = { 0 —1

} The eigenvalues of L are

A1 =1 and Ay = —1. Associated eigenvectors are ¢! and e~
Let A be diagonalizable with A = PDP~!, where D is diagonal.

(a) AT = (PDP~HT = (P~H)TDTPT = QDQ™ !, where Q = (P~1)T. Thus AT is similar to a
diagonal matrix and hence is diagonalizable.

(b) A¥ = (PDP~1)* = PD¥P~!. Since DF is diagonal we have A* is similar to a diagonal matrix
and hence diagonalizable.

If A is diagonalizable, then there is a nonsingular matrix P so that P~'AP = D, a diagonal matrix.
Then A=! = PD7'P~1 = (P~1)~1D=1P~1. Since D! is a diagonal matrix, we conclude that A=! is
diagonalizable.

First observe the difference between this result and Theorem 7.5. Theorem 7.5 shows that if all the
eigenvalues of A are distinct, then the associated eigenvectors are linearly independent. In the present
exercise, we are asked to show that if any subset of k eigenvalues are distinct, then the associated
eigenvectors are linearly independent. To prove this result, we basically imitate the proof of Theorem
7.5

Suppose that S = {x1,...,Xy} is linearly dependent. Then Theorem 4.7 implies that some vector x;
is a linear combination of the preceding vectors in S. We can assume that S; = {x1,%2,...,%X;_1} is
linearly independent, for otherwise one of the vectors in S; is a linear combination of the preceding
ones, and we can choose a new set Sy, and so on. We thus have that Sj is linearly independent and
that

Xj = a1X1 + aoXo + -+ + aj_1X5 1, (1)

where ay,a2,...,a;_1 are real numbers. This means that
AX]‘ = A(a1x1 + agXo + -+ + CLj_1Xj_1) = alel + a2AX2 + 4 aj_lej_l. (2)
Since A1, Ag, ..., A are eigenvalues and x1,Xa,...,X; are associated eigenvectors, we know that Ax; =

Aix; for i = 1,2,...,n. Substituting in (2), we have

AjXj = a1 A\iXy + agdoXo + -+ a1 A 1% (3)
Multiplying (1) by A;, we get

AjXj = AjarXi + AjagXe + -+ Ajaj 1% (4)
Subtracting (4) from (3), we have
0=Mx; —Nx; =a1(M — Aj)x1 +as(Aa — Aj)xa+ - +a;—1(Aj1 — Aj)x;—1.
Since S is linearly independent, we must have
ar(A1 —Aj) =0, az(A2—=X;)=0, ..., aj—1(Xj_1—A;)=0.
Now (A1 — Aj) #0, (A2 — X)) #0, ..., (Ajo1 — Aj) # 0, since the X's are distinct, which implies that
ay =az =---=aj_1 =0.

This means that x; = 0, which is impossible if x; is an eigenvector. Hence S is linearly independent,
so A is diagonalizable.

Since B is nonsingular, B~! is nonsingular. It now follows from Exercise 21 that AB~! and B~'A
have the same eigenvalues.

Let P be a nonsingular matrix such that P~'AP = D. Then
Tr(D) = Tr(P~'AP) = Tr(P~Y(AP)) = Tr((AP)P~ ') = Tr(APP™ ') = Tr(AI,) = Tr(A).
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Section 7.3, p. 475
2. (a) AT.  (b) BT.
3. If AAT =1, and BBT = I,,, then
(AB)(AB)T = (AB)(BT A") = A(BBTA)T = (AI)AT = AAT = 1,.

4. Since AAT = I,,, then A=t = AT so (A7)(A™HT = (A" 1)(AT)T = (A1) (A) = ..

5. If A is orthogonal then AT A = I, so if uj,us,...,u, are the columns of A, then the (4,5) entry in
AT A is ul'u;. Thus, ulu; = 0if i # j and 1 if i = j. Since ulu; = (u;,u;) then the columns of A
form an orthonormal set. Conversely, if the columns of A form an orthonormal set, then (u;,u;) =0
if i # j and 1 if i = j. Since (u;,u;) = ul u;, we conclude that ATA = I,,.

0 0 0 1 0 0 1 00
6. AAT =10 cos¢ sing 0 cosp —sing| =0 1 0
0 —sing cos¢ 0 sing cos ¢ 0 0 1
1 0 0 1 0 0 1 00
1 1 1 1
BBT = |0 7% —? 0 ? —? =10 1 0
0 5 T 0 -5 0 0 1

7. P is orthogonal since PPT = .
8. If A is orthogonal then AAT = I, so det(AAT) = det(I,,) = 1 and det(A) det(AT) = [det(A)]? =1, so

det(A) = +1.
_ cos¢ sing T _
9. (a) If A= [—singb COSA, then AAT = Is.
a b
(b) Let A= e Then we must have
c
a>+b? =1 (1)
A+d*=1 (2)
ac+bd=0 (3)
ad —be = +1 (4)
Let a = cos¢1, b = sin¢y, ¢ = cos ¢y, and d = sin¢y. Then (1) and (2) hold. From (3) and (4)

we obtain

cos(¢g — ¢1) =0
SiIl((,ZSQ — ¢1) = +1.

Thus ¢ — ¢1 = j:g, or ¢ = ¢1 + g Then cos ¢ = Fsin ¢; and sin ¢5 = £ cos ¢;.

10. If x = [al} and y = {bl}, then
a2 b2

1 1 1 1
’ 1 1 ’ 1 1
— % T R% *ﬁbl *ﬁbz
= %(a1b1 + agby — a1by — azby) + %(Chbl + azby + a1by + asby)

= a1b; + asbs
= (x,y).
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11. We have

cosf = (L(X)aL(y)) _ (AX,AY) _ (X,y) _ (x,y)

ILENLDI /(Ax, Ax)(Ay, Ay)  /(xx)(y,y)  IxIyl

12. Let S = {uj,ua,...,u,}. Recall from Section 5.4 that if S is orthonormal then (u,v) = ([u} g [v] S),
where the latter is the standard inner product on R". Now the ith column of A is [L(u;)] g+ Then

(e g (L)) = (Bw), L(w) = (ui,wy) = ([ui] . [u] ) =0
if i # j and 1 if 4 = j. Hence, A is orthogonal.

13. The representation of L with respect to the natural basis for R? is

A:

Sk s
S b

which is orthogonal.

14. If Ax = A\x, then (P71AP)P~!'x = P~1(\x) = A(P~!x), so that B(P~!x) = A\(P~!x).

_ 0 1 1
0O 0 O V2 V2
16. A is similar to D = |0 1 O|land P=|1 0 0
10 0 -1 0 1 1
V2 V2
0 0 0 0 1 0 0 0
0 1 o0 0
18. A is similar to D = 00 00 and P =
0 0 0 -1 V2o V2
o o L+ L
V2 V2
_ 1 1 1
-3 0 0 V2 V6 VB
o . _ _ 1 1 1
20. A is similar to D = 0 -3 0| and P= 5 % 7
L 0 0 3 0 2 1
V6 V3
[0 0 0O
00O0O
22. A is similar to D =
is similar to 00 40
L0 0O 0 4
1 0 0
24. Aissimilarto D= |0 1 0
L0 0 5
0o 0 0 O
0O 0 0 O
26. A is similar to D =
6 is similar to 0 0 1 0
L0 0 0 -1
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28.

29.

30.

31.

32.

Chapter 7

-2 0 0
A is similar to D = 0 -2 0
0 0 —4

Let A= [Z ﬂ . The characteristic polynomial of A is p(A) = A% — (a + ¢)A + (ac — b?). The roots of
p(A) =0 are

(a+c)++/(a+c)?—4(ac—b?) and (a+c) —+/(a+c)? —4(ac — b?)
2 2 ’

Case 1. p(A\) = 0 has distinct real roots and A can then be diagonalized.

Case 2. p(A\) = 0 has two equal real roots. Then (a + ¢)? — 4(ac — b*) = 0. Since we can write
(a+c)? —4(ac—b%) = (a — c)? + 4b?, this expression is zero if and only if a = ¢ and b = 0. In this case
A is already diagonal.

If L is orthogonal, then ||L(v)|| = ||v| for any v in V. If A is an eigenvalue of L then L(x) = Ax,
so ||[L(x)|| = ||Ax]||, which implies that ||Ax| = ||x||. By Exercise 17 of Section 5.3 we then have
IAl1%]| = ||x]|]. Since x is an eigenvector, it cannot be the zero vector, so |[A| = 1.

Let L: R? — R? be defined by

H([) =4[]

To show that L is an isometry we verify Equation (7). First note that matrix A satisfies AT A = I,.
(Just perform the multiplication.) Then

S-S
|

S S
—
NSRS

(L(u), L(v)) = (Au, Av) = (u, AT Av) = (u,v)
so L is an isometry.
(a) By Exercise 9(b), if A is an orthogonal matrix and det(A) = 1, then

Ao {cosd) —sinﬂ

sing  cos¢
As discussed in Example 8 in Section 1.6, L is then a counterclockwise rotation through the
angle ¢.
(b) If det(A) = —1, then
B [cosgﬁ sin gi)]

sing —cos¢

Let Li: R?> — R? be reflection about the z-axis. Then with respect to the natural basis for R?,
L is represented by the matrix
1 0
A = .
=[]

As we have just seen in part (a), the linear operator Lo giving a counterclockwise rotation through
the angle ¢ is represented with respect to the natural basis for R? by the matrix

A — [cosqb —singb] .

sing  cos¢

We have A = A2A1. Then L = Lg o Ll.
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33. (a) Let L be an isometry. Then (L(x), L(x)) = (x,x), so ||L(x)| = [Ix].
(b) Let L be an isometry. Then the angle 6 between L(x) and L(y) is determined by

cosf = (L(x), L(y)) _ (x,y)

ILGOHIZOOT [l Iyl

which is the cosine of the angle between x and y.

34. Let L(x) = Ax. It follows from the discussion preceding Theorem 7.9 that if L is an isometry, then L
is nonsingular. Thus, L~!(x) = A~ 'x. Now

(L7'(x), L7 (y) = (A%, A7y) = (x, (A7) T A ly).

Since A is orthogonal, AT = A= so (A~H)TA™! = I,,. Thus, (x,(A"HTA™ly) = (x,y). That is,
(A='x, A~ly) = (x,y), which implies that (L~1(x), L=(y)) = (x,y), so L™ is an isometry.

35. Suppose that L is an isometry. Then (L(v;),L(v;)) = (vi,v;), so (L(v;),L(v;)) =1if i =j and 0
if i # j. Hence, T = {L(v1),L(v2),...,L(v,)} is an orthonormal basis for R™. Conversely, suppose
that T is an orthonormal basis for R”. Then (L(v;),L(v;)) = 1if ¢ = j and 0 if ¢ # j. Thus,
(L(vi), L(v;)) = (vi,v;), so L is an isometry.

36. Choosey =e;, fori =1,2,...,n. Then AT Ae; = Col;(AT A) = e; fori = 1,2,...,n. Hence ATA = I,,.
37. If A is orthogonal, then AT = A~1. Since
(AT =(A™HT = (A",
we have that A7 is orthogonal.

1 1 1
38. (cA)T = (cA)~! if and only if cAT = EA*1 = EAT. That is, ¢ = e Hence ¢ = +1.

Supplementary Exercises for Chapter 7, p. 477

2. (a) The eigenvalues are A\; = 3, Ao = —3, A3 = 9. Associated eigenvectors are
-2 -2 1
X1 =|—-2|, Xg9= 1, and x3= -2
1 -2 -2
-2 -2 1
(b) Yes; P=|—-2 1 —2|. P is not unique, since eigenvectors are not unique.
1 -2 -2
1
5

(C) )\1:%3)‘2:_%7A3:

(d) The eigenvalues are A\; = 9, Ao = 9, A3 = 81. Eigenvectors associated with A\; and A\ are

-2 —2
-2 and 1
1 -2
1
An eigenvector associated with A3 =81 is [ —2
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3.

La-|

(a)

()

Chapter 7

The characteristic polynomial of A is

A—air  —ai2 e —0a1in

—a12 A — a9 - —a2n
det(A\,, — A) =

—anl cee —Opn-1 A= Gnn

Any product in det(A,, — A), other than the product of the diagonal entries, can contain at most
n — 2 of the diagonal entries of AI,, — A. This follows because at least two of the column indices
must be out of natural order in every other product appearing in det(Al,, — A). This implies that
the coefficient of A"~ ! is formed by the expansion of the product of the diagonal entries. The
coefficient of A"~ is the sum of the coefficients of A*~! from each of the products

—ai;(A—a11) (A= ai—1i-1)(A = @it1it1) - (A — ann)
i=1,2,...,n. The coefficient of A»~! in each such term is —a;; and so the coefficient of A" ~! in
the characteristic polynomial is

—Q11 — A9 — *° — App = —TI'(A)

If A1, Ao, ..., A\, are the eigenvalues of A then A—\;, i = 1,2,...,n are factors of the characteristic
polynomial det(AI,, — A). Tt follows that

det(AT, — A) = (A= A1) (A= A2) - (A = \n).

Proceeding as in (a), the coefficient of A"~ is the sum of the coefficients of A" ~! from each of the
products

A=) A=) A= Xig1) (A= Ap)
for i =1,2,...,n. The coefficient of A»~! in each such term is —\;, so the coefficient of A"~! in
the characteristic polynomial is —A; — Ay — -+ — A, = — Tr(A) by (a). Thus, Tr(A) is the sum of
the eigenvalues of A.

We have
det(AIn - A) = ()‘ - Al)()‘ - )‘2) T (>‘ - >\n)

so the constant term is A1 Ao -+ \j,.

2 1
5 J has eigenvalues \; = —1, Ay = —1, but all the eigenvectors are of the form r [J . Clearly

A has only one linearly independent eigenvector and is not diagonalizable. However, det(A) # 0, so A
is nonsingular.

In Exercise 21 of Section 7.1 we show that if A is an eigenvalue of A with associated eigenvector x,
then A\* is an eigenvalue of A*, k a positive integer. For any positive integers j and k and any scalars
a and b, the eigenvalues of a A7 4+ bAF are al? + bAF. This follows since

(aA7 + bAF)x = aAix + bAFx = aNx + bAFx = (aV + bAF)x.

This result generalizes to finite linear combinations of powers of A and to scalar multiples of the identity
matrix. Thus,

p(A)x = (aol, + a1 A+ - + apA¥)x
=aolpx + a1 Ax + -+ apAFx
= aoX + a1 Ax + - + ap\Fx
= (a0 + a1\ + - + apAF)x
=p(A)x.
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6. (a) pt(M)p2(A)- (b) p1(A)p2(X).

1 0 0 0
0 0 1 0
8. (a) [L(AD]g= | |- [E(A)]g = |]|. [E(A)] g = || [LAD]g = 4]
0 0 0 1
1 00 07
0010
B B=10 10 o
000 1]
(¢) The eigenvalues of L are Ay = —1, Ay = 1 (of multiplicity 3). An eigenvector associated with
[0
. 1 . . .
A =-—-1lisx; = 1| Eigenvectors associated with Ay = 1 are
L O
1 0 0
Xg = 0 X3 = ! and x4 = 0
2 — 0 ) 3 — 1 ) 4 — 0
0 0 1
(d) The eigenvalues of L are \y = —1, Ay = 1 (of multiplicity 3). An eigenvector associated with
A =—1is [(1) (1)] FEigenvectors associated with Ay = 1 are

oo Lo = 53]

(e) The eigenspace associated with Ay = —1 consists of all matrices of the form

B

where k is any real number, that is, it consists of the set of all 2 x 2 skew symmetric real matrices.
The eigenspace associated with Ao = 1 consists of all matrices of the form

a10+b01+000
00 10 01}’

where a, b, and ¢ are any real numbers, that is, it consists of all 2 x 2 real symmetric matrices.

10. The eigenvalues of L are Ay = 0, Ay = i, A3 = —i. Associated eigenvectors are x; = 1
isinx 4 cosx, X3 = —isinx + cos .

, X2 =

11. If A is similar to a diagonal matrix D, then there exists a nonsingular matrix P such that P~'AP = D.
It follows that
D= DT _ (PflAP)T _ PTAT(Pfl)T _ ((PT)fl)flAT(PT)fl’

so if we let Q = (PT)~!, then Q7'ATQ = D. Hence, AT is also similar to D and thus A is similar to
AT,
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Chapter Review for Chapter 7, p. 478

True or False

1. True. 2. False. 3. True.
6. True. 7. True. 8. True.
11. False. 12. True. 13. True.
16. True. 17. True. 18. True.
Quiz
1 -1
1. )\1:1,X1: l:_1:|;)\2:3,X2— l: 2:|
0 0 0
2 @ o 3 3
0 -3 -3
1 0
(b) Mi=0,x1=|0]; da=1,%x2= | -3
0 1
3. )\1 = —1, )\2 = 2, and )\3 =2
4. A=9,x
1 0
5. 01, 1
0 -1
-3 00
6. 020
00 3
7. No.
8. No.
-2
9. (a) Possible answer: 2
2
1 3 -1
(b A=|-1 3 1]|. Thus
2 0 1
1 -1
ATA=1 3 3
-1 1

;)\3:_17){3:

4. True.
9. True.
14. True.
19. True.

5. False.

10. True.
15. True.
20. True.

0

oo

6 0
0 18 0
0 3

o

Chapter 7

Since z is orthogonal to x and y, and x and y are orthogonal, all entries not on the diagonal
of this matrix are zero. The diagonal entries are the squares of the magnitudes of the vectors:
Ix[[* = 6, [lyl|* = 18, and ||z]|* = 3.

(¢) Normalize each vector from part (b).

(d) diagonal
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(e) Since
XT XTX XTy XTZ
ATA=|yT|[x y z] = |y"x yTy y'z]|,

ZT ZTX ZTy ZTZ

it follows that if the columns of A are mutually orthogonal, then all entries of AT A not on the
diagonal are zero. Thus, AT A is a diagonal matrix.

10. False.

11. Let
k 0 0

A= |axn ax a3
asy asz2 ass

Then kI3 — A has its first row all zero and hence det(kl3 — A) = 0. Therefore, A = k is an eigenvalue

of A.
-5 1 2
12. (a) det(4l3 — A) = det 1 =5 2] =0.
2 =2
11 2
det(1013 — A) = det 112 =0.
2 2 4
1
Basis for eigenspace associated with A\ = 4: 1
2
-1 —2
Basis for eigenspace associated with A = 10: 1],
0 1

S S §k
o &‘H §‘H
sk s sk






Chapter 8

Applications of Eigenvalues and
Eigenvectors (Optional)

Section 8.1, p. 486

8
2. |2].
1

4. (b) and (c)

0.2 0.06 0.048 0.0564
6. (a) x(V =103], x® = l0.24], x® = [0.282|, x® = ]0.2856].
0.5 0.70 0.67 0.658

0.06 0.048 0.06
(b) T3 =| 0.3 0.282 0.282 . Since all entries in T? are positive, T is regular. Steady state vector

0.64 0.67 0.66
is

= 0.057
u= || ~ [0.283
2 0.660
3 1
8. (a) T? = [‘1‘ f} . Since all entries of T? are positive, T reaches a state of equilibrium.
iz
(b) Since all entries of T" are positive, it reaches a state of equilibrium.
o113
18 3 24
() T? = | & & 1ii|. Since all entries of T2 are positive, T reaches a state of equilibrium.
(55 5 1
[0.2 0.05 0.1
(d) T? = [0.3 0.4 0.35[. Since all entries of T? are positive, it reaches a state of equilibrium.
10.5 0.55 0.55
10. (a) A B
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1
(b) Compute Tx?, where x(©) = ?
2
TX(O) — X(l) _ 0.35 , Tx(l) _ X(2) _ 0.365 7 TX(Q) _ X(3) _ 0.364 .
0.65 0.635 0.636

The probability of the rat going through door A on the third day is pg?’) = .364.

i1 | _ [0.364
B :

(¢) u= ~10.636

11

12. red, 25%; pink, 50%; white, 25%.

Section 8.2, p. 500

5 3 3| fe o]
_ T _ i 2 2
2. A=USVT=| 1 2 _2 L 0}
2 2 1
5 3 5100
1 0 1 -17Tv3 0 0 T
1 1 1 -1 0 0\/§0100
4. A=USVT = — 010
V3l-1 1 0 -1 00\/3001
0 1 1 1 0 0 0

6. (a) The matrix has rank 3. Its distance from the class of matrices of rank 2 is syj, = 0.2018.

(b) Since spin = 0 and the other two singular values are not zero, the matrix belongs to the class of
matrices of rank 2.

(c) Since Smin = 0 and the other three singular values are not zero, the matrix belongs to the class of
matrices of rank 3.

7. The singular value decomposition of A is given by A = USVT. From Theorem 8.1 we have
rank A = rank USV7T = rank U(SVT) = rank SVT = rank S.

Based on the form of matrix S, its rank is the number of nonzero rows, which is the same as the
number of nonzero singular values. Thus rank A = the number of nonzero singular values of A.

Section 8.3, p. 514

2. (a) The characteristic polynomial was obtained in Exercise 5(d) of Section 7.1: A2 —TA+6 = (A —
1)(A — 6). So the eigenvalues are \; = 1, Ay = 6. Hence the dominant eigenvalue is 6.

(b) The eigenvalues were obtained in Exercise 6(d) of Section 7.1: A\ = —1, A2 = 2, A3 = 4. Hence
the dominant eigenvalue is 4.

4. (a) 5. (b) 7. (c) 10.
6. (a) max{7,5} =T1. (b) max{7,4,5} =7.

7. This is immediate, since A = AT
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1 2
. Possibl A= .
8. Possible answer [3 4}

9. We have
A%l < [ A%l ][l < 1 AlF]Ix]l — 0,
since [|A]1 < 1.

10. The eigenvalues of A can all be < 1 in magnitude.

12. Sample mean = 5825.
sample variance = 506875.
standard deviation = 711.95.

791.8

826.0} '
95,996.56 76,203.00

76,203.00 73,999.20} '

14. Sample means = [

covariance matrix = {

1262200 128904 . . .
16. § = [ 128904 32225.8} . Eigenvalues and associated eigenvectros:
0.9947
)\1 75560, up |:O.1031:|
—0.1031
Ao = 18861.6; uq = [ 0.9947] .
1107.025
3240.89
First principal component = .9947col; (X) + 0.1031cola(X) = | 4530.264
3688.985
3173.37
17. Let x be an eigenvector of C' associated with the eigenvalue A. Then Cx = Ax and x7Cx = \x'x.
Hence,
_ xTCx
- oxTx

We have xT Cx > 0, since C is positive definite and x?x > 0, since x # 0. Hence \ > 0.

18. (a) The diagonal entries of S, are the sample variances for the n-variables and the total variance is
the sum of the sample variances. Since Tr(S,,) is the sum of the diagonal entries, it follows that
Tr(S,) = total variance.

—~
=

Sy is symmetric, so it can be diagonalized by an orthogonal matrix P.
Tr(D) = Tr(PTS, P) = Tr(PTPS,,) = Tr(I,S,) = Tr(S,).

(d) Total variance = Tr(S,,) = Tr(D), where the diagonal entries of D are the eigenvalues of S,,, so
the result follows.

—
o
~

Section 8.4, p. 524

1 0 0
2. (a) x(t)=b1 [0 e +by [1|e 2 +b3|1]e*.
0 0 5
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10.

Chapter 8

1 0 0
(b) x(t) =20 et +3 |1|e 2 +4]|1] .
0 0 5

Let x; and x5 be solutions to the equation x’ = Ax, and let a and b be scalars. Then

d
ﬁ(axl + bxs) = ax} + bx}, = aAx; + bAxy = A(ax; + bxa).

Thus ax; + bxs is also a solution to the given equation.

[ 1
x(t) = by . e + by et.
[0 (17 1
X(t) = b1 —2 Bt + bQ O 6t —+ b3 0 63t.
1 1 0] 1

The characteristic polynomial of the coefficient matrix is p(A\) = A2 + %)\. Eigenvalues and associated
eigenvectors are:

-1 2
>\1=0,X1={ J; /\22—%,3(2:[1]

Hence the general solution is given by

ol =[] i)

Using the initial conditions x(0) = 10 and y(0) = 40, we find that b; = 10 and by = 30. Thus, the
particular solution, which gives the amount of salt in each tank at time ¢, is

z(t) = —10e~ 5" + 20
y(t) = 10e~8" + 30.

Section 8.5, p. 534

2.

1
The eigenvalues of the coefficient matrix are A\; = 2 and Ay = 1 with associated eigenvectors p; = { O]

and p2 = { J. Thus the origin is an unstable equilibrium. The phase portrait shows all trajectories

tending away from the origin.

0
The eigenvalues of the coefficient matrix are Ay = 1 and Ay = —2 with associated eigenvectors p; = { 1]
1
and ps = [ J. Thus the origin is a saddle point. The phase portrait shows trajectories not in the

direction of an eigenvector heading towards the origin, but bending away as t — oo.
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6.

10.

The eigenvalues of the coefficient matrix are A\ = —1+4 and Ay = —1 — ¢ with associated eigenvectors
P1 = {zl} and py = B] Since the real part of the eigenvalues is negative the origin is a stable
equilibrium with trajectories spiraling in towards it.

The eigenvalues of the coefficient matrix are A\ = —2+14 and Ay = —2 — ¢ with associated eigenvectors
P = B] and py = {_12] Since the real part of the eigenvalues is negative the origin is a stable

equilibrium with trajectories spiraling in towards it.
1
The eigenvalues of the coefficient matrix are Ay = 1 and Ay = 5 with associated eigenvectors p; = [ 1]

1
and pgy = [ J. Thus the origin is an unstable equilibrium. The phase portrait shows all trajectories

tending away from the origin.

Section 8.6, p. 542

10.
12.
14.
16.
18.
20.

22.

24.
25.

(a) [Il To xg] -2 =3 3 i)
0 3 4] |lzs
4 =3 (=
b
w3
0 -1 2 I
(c) [acl To x3] -1 0 3| |z
2 3 0 T3
5 0 0 4 0 0 1 0 0
(a) |0 5 0 (by |0 1 0 (¢)JO 1 0
0 0 -5 0 0 1 0 0 -1
yi +293.
4y3.
5yt — 5y3.
yi + 13-
yi +yi + 3.
yi + i+ 3.
Y3 — y5 — y3; rank = 3; signature = —1.
y? = 1, which represents the two lines y; = 1 and 3; = —1. The equation —y? = 1 represents no conic
at all.
g1, 92, and g4 are equivalent. The eigenvalues of the matrices associated with the quadratic forms are:

for g1: 1, 1, —1; for go: 9, 3, —1; for g3: 2, —1, —1; for g4: 5, 5, —5. The rank r and signature s of g1,
goand gg are r =3 and s =2p —r = 1.

(d)
(PTAP)T = PTATP = PTAP since AT = A.
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26.

27.

28.

29.

Chapter 8

(a) A= PTAP for P=1,.
(b) If B = PT AP with nonsingular P, then A = (P~1)"BP~! and B is congruent to A.

(c) If B = PTAP and C = QT BQ with P, @ nonsingular, then C = QT PTAPQ = (PQ)T A(PQ)
with PQ nonsingular.

If A is symmetric, there exists an orthogonal matrix P such that P"*AP = D is diagonal. Since P is
orthogonal, P! = PT. Thus A is congruent to D.

Let

and let the eigenvalues of A be A\; and A\o. The characteristic polynomial of A is
fA) =X = (a+d)\+ad — V.

If A is positive definite then both A\; and Ay are > 0, so Ay Ay = det(A) > 0. Also,

[1 0] [Z ﬂ m —a>0.

Conversely, let det(A) > 0 and a > 0. Then AjA2 = det(A) > 0 so A; and Az are of the same sign. If
A1 and Ao are both < 0 then Ay + As =a+d <0, sod < —a. Since a > 0, we have d < 0 and ad < 0.
Now det(A) = ad — b* > 0, which means that ad > b* so ad > 0, a contradiction. Hence, \; and )y
are both positive.

Let A be positive definite and Q(x) = xT Ax. By Theorem 8.10, g(x) is a quadratic form which is
equivalent to

hY)=yi+ys+  +yp —Yppr = — ¥y

If g and h are equivalent then h(y) > 0 for each y # 0. However, this can happen if and only if all terms
in Q'(y) are positive; that is, if and only if A is congruent to I, or if and only if A = PTI,, P = PTP.

Section 8.7, p. 551

2.

S

10.

12.

14.
16.
18.

20.

Parabola
Two parallel lines.

Straight line.

Hyperbola.
None.

12 12
Hyperbola; % — yT =1.

Parabola; 2/% 4+ 4y’ = 0.
Ellipse; 42/ + 5y'? = 20.

None; 22/ + y/* = —2.

.’L'IZ y/2
Possible answer: hyperbola; - T g = 1.



Section 8.8 135

22. Possible answer: parabola; z/? = 49/

/2
24. Possible answer: ellipse; xT + 9/ 2.
2

26. Possible answer: ellipse; % +y

28. Possible answer: ellipse; =" 4

30. Possible answer: parabola; y”/* = — 1z

Section 8.8, p. 560
2. Ellipsoid.
4. Elliptic paraboloid.
6. Hyperbolic paraboloid.
8. Hyperboloid of one sheet.
10. Hyperbolic paraboloid.
12. Hyperboloid of one sheet.
14. Ellipsoid.

72

16. Hyperboloid of one sheet; % +

7?2 72
vz i
4 8
72 72 72

18. Ellipsoid; % + % T

20. Hyperboloid of two sheets; a"? y”2 — =1

1,112 y//2 2:”2
22. Ellipsoid; -+ ot = 1.

2 4 10

24. Hyperbolic paraboloid; r__

l'//2 72 12
26. Ellipsoid; —— + =
2 2 4

28. Hyperboloid of one sheet; r + y? -
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MATLAB Exercises

Section 10.1, p. 597

Basic Matrix Properties, p. 598

ML.2. (a) Use command size(H)
(b) Just type H

(c) Type H(:,1:3)

(d) Type H(4:5,:)

Matrix Operations, p. 598

ML.2. aug =
2 4 6 —12
2 -3 -4 15
3 4 5 -8

ML.4. (a) R=A(2,:)

R J—
3 2 4
C =B(:,3)
C J—
—1
-3
5
V=RxC
V=
11
V is the (2,3)-entry of the product A * B.
(b) C=B(:2)
C=
0
3
2

V=AxC
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(b) Entry-by-entry division.

V is column 2 of the product A * B.

V=
1
14
0
13
R=A(3,)
R =
4 -2 3
V=R=xB
V=
10 0 17 3

V is row 3 of the product A * B.
ML.6. (a) Entry-by-entry multiplication.

(c) Each entry is squared.

Powers of a Matrix, p. 599
ML.2. (a) A =tril(ones(5),—1)
A

ML.4. (a)

= = O O O

O O O O O

= O O O O

O O O O O

O O O O O

O O O O O

ans =

AN5

ans —

O O O O O

W N = OO

O O O O O

N = O OO

O O O O O

= O O O O

O O O O O

O O O O o

O O O O O

O O O O O

AN3

ans =

w = O O O

= O O O O

O O O O O

O O O O o

Chapter 10

O O O O O

This exercise uses the random number generator rand. The matrix A and the value of £ may

ans =
0 O
1 0
1 1
1 1
1 1

AN

ans =
0 O
0 O
0 O
0 O
1 0

Thus k = 5.

vary.

A = tril(fix(10 * rand(7)),2)

A=

O O O O O O O
O O O O O O o

O O O O OO

0

O O O O O o, O

O O O w-~NO

0

O O NN ON

0

O b NN

0

Here A”3 is all zeros, so k = 5.

(A2 —7xA)x (A + 3*xeye(A))

ans —

—2.8770
—4.9360
—6.9090

—7.1070
—5.0480
—7.1070

—14.0160
—14.0160

—9.9840



Row Operations and Echelon Forms

(b) (A —eye(A))"2+ (AN3+ A)

ans —

1.3730 0.2430 0.3840
1.3520 0.3840
0.1410 0.2430

0.2640

(c) Computing the powers of A as A2, A3, ...

verging to

1.6160

0.2273 0.2727 0.5000
0.2273 0.2727 0.5000
0.2273 0.2727 0.5000

Typing format rat, and displaying the preceding matrix gives

ans —

5/22 3/11

5/22 3/11
5/22 3/11

1/2
1/2
1/2

ML.6. The sequence is converging to the zero matrix.

Row Operations and Echelon Forms, p. 600

139

soon gives the impression that the sequence is con-

ML.2. Enter the matrix A into MATLAB and use the following MATLAB commands. We use the format

rat command to display the matrix A in rational form at each stage.
A=[1/2 1/3 1/4 1/5;1/3 1/4 1/5 1/651 1/2 1/3 1/4]

A=

0.5000 0.3333 0.2500 0.2000
0.3333 0.2500 0.2000 0.1667
1.0000 0.5000 0.3333 0.2500

format rat, A
A=
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1 1/2 1/3 1/4
format
(a) A(1;:)=2xA(1,)
A=
1.0000 0.6667
0.3333 0.2500

1.0000 0.5000
format rat, A

A=
1 2/3 1/2
1/3 1/4 1/5
1 1/2 1/3
format

0.5000
0.2000
0.3333

2/5
1/6
1/4

0.4000
0.1667
0.2500

(b) A(2,:)=(—-1/3)xA(1,;:) + A(2,2)

A=
1.0000 0.6667
0 0.0278
1.0000 0.5000

0.5000
0.0333
0.3333

0.4000
0.0333
0.2500
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format rat, A
A=
1 2/3 1/2 2/5
0 1/36 1/30 1/30
1 1/2 1/3 1/4
format
A(3,:)=—-1xA(1,:)+ A(3,:)
A=
1.0000 0.6667 0.5000 0.4000
0 0.0278 0.0333 0.0333
0 —0.1667 —0.1667 —0.1500
format rat, A

A=

1 2/3 1/2 2/5

0 1/36 1/30 1/30

0 —1/6 —1/6 —3/20
format
temp = A(2,:)
temp =

0 0.0278 0.0333 0.0333

A(2,:) = A(3,:)
A=

1.0000 0.6667 0.5000 0.4000
0 —-0.1667 —0.1667 —0.1500
0 -—0.1667 —0.1667 —0.1500

A(3,:) = temp
A=

1.0000 0.6667 0.5000 0.4000
0 —0.1667 —0.1667 —0.1500
0 0.0278 0.0333 0.0333

format rat, A

A=
1 2/3  1/2 2/5
0 —1/6 —1/6 —3/20
0 1/36 1/30  1/30

format

Chapter 10

ML.4. Enter A into MATLAB, then type reduce(A). Use the menu to select row operations. There are
many different sequences of row operations that can be used to obtain the reduced row echelon form.

However, the reduced row echelon form is unique and is

ans =
1.0000 0 0 0.0500
0 1.0000 0 —0.6000
0 0 1.0000 1.5000
format rat, ans
ans =
1.0 0 1/20
0 1 0 —3/5
0 0 1 3/2
format

ML.6. Enter the augmented matrix aug into MATLAB. Then use command reduce(aug) to construct row

operations to obtain the reduced row echelon form. We obtain
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ans =
10 1 0 O
0 1 2 0 O
0O 0 0 0 1

The last row is equivalent to the equation Ox + Oy + 0z + Ow = 1, which is clearly impossible. Thus

the system is inconsistent.

ML.8. Enter the augmented matrix aug into MATLAB. Then use command reduce(aug) to construct row
operations to obtain the reduced row echelon form. We obtain
ans =

1
0
0

o = O
O N =
o O O

The second row corresponds to the equation y + 2z = 0. Hence we can choose z arbitrarily. Set
z = r, any real real number. Then y = —2r. The first row corresponds to the equation z — z = 0
which is the same as * = z = r. Hence the solution to this system is

T=r
z=—2r
z=r

ML.10. After entering A into MATLAB, use command reduce( — 4 * eye(size(A)) — A). Selecting row
operations, we can show that the reduced row echelon form of —4Is — A is

!

Thus the solution to the homogeneous system is

Hence for any real number r, not zero, we obtain a nontrivial solution.
ML.12. (a) A=[1 1 1;1 1 0;0 1 1J;

b=[0 3 1];
x=A\b
X =
-1
4
-3
b) A=[1 1 1;1 1 —22 1 1J;
b=[1 3 2
x= A\b
X =
1.0000
0.6667
—0.0667

LU-Factorization, p. 601

ML.2. We show the first few steps of the LU-factorization using routine lupr and then display the matrices
L and U.

[L,U] = lupr(A)
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i B o s o 8 S S S S S
# % % % % Find an LU-FACTORIZATION by Row Reduction s s s %

L: U:

1 0 O 8 -1
0 1 0 3 7
0 0 1 1

OPTIONS
<1> Insert element into L. <-1>Undo previous operation. <0> Quit.
ENTER your choice ===> 1

Enter multiplier. -3/8
Enter first row number. 1
Enter number of row that changes. 2

A B S o et 2 L e a2 S S o B

Replacement by Linear Combination Complete

L= U=
0 O 8 -1 2
0 1 0 0 7.375 1.25
0 0 1 1 1 5

You just performed operation —0.375 * Row(1) + Row(2)

OPTIONS
<1> Insert element into L. <-1>Undo previous operation. <0> Quit.

ENTER your choice ===> 1

a2 i M s S S S B

Replacement by Linear Combination Complete

L= U=
1 0 O 8 -1 2
0 1 0 0 7.375 1.25
0 0 1 1 1 5

You just performed operation —0.375 * Row(1) + Row(2)

Insert a value in L in the position you just eliminated in U. Let the multiplier you just used be
called num. It has the value —0.375.

Enter row number of L to change. 2
Enter column number of L to change. 1
Value of L(2,1) = -num

Correct: L(2,1) = 0.375

I e o A e s e L
Continuing the factorization process we obtain
L= U=

1 0 O 8 —1 2

0.375 1 0 0 7.375 1.25
0.125 0.1525 1 0 0 4.559
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ML.4.

Warning: It is recommended that the row multipliers be written in terms of the entries of matrix
U when entries are decimal expressions. For example, —U(3,2)/U(2,2). This assures that the
exact numerical values are used rather than the decimal approximations shown on the screen. The
preceding display of L and U appears in the routine lupr, but the following displays which are
shown upon exit from the routine more accurately show the decimal values in the entries.

L= U=

1.0000 0 0 8.0000 —1.0000 2.0000
0.3750 1.0000 0 0 7.3750 1.2500
0.1250 0.1525 1.0000 0 0 4.5593

The detailed steps of the solution of Exercises 7 and 8 are omitted. The solution to Exercise 7 is
[2 -2 —I]T and the solution to Exercise 8 is [1 -2 5 —4}T.

Matrix Inverses, p. 601

ML.2.

ML.4.

We use the fact that A is nonsingular if rref(A) is the identity matrix.
(a) A=[1 232 4
rref(A)
ans =
1 2
0 0
Thus A is singular.

(b)y A=[1 0 0;0 1 0;1 1 1];

rref(A)

ans =
1 0 0
0o 1 ©0
o o0 1

Thus A is nonsingular.
(c) A=[1 2 1;0 1 251 0 0];

rref(A)

ans =
1 0 0
0 1 0
0 0 1

Thus A is nonsingular.
() A=[2 1;2 3];
rref(A eye(size(A)))
ans =
1.0000 0 0.7500 —0.2500
0 1.0000 —0.5000 0.5000
format rat, ans
ans =
1 0  3/4 -—1/4
o 1 -1/2 1/2
format
(b) A=[1 —1 250 2 151 0 0]
rref(A eye(size(A)))
ans =
1.0000 0 0 0 0 1.0000
0 1.0000 0 —0.2000 0.4000 0.2000
0 0 1.0000 0.4000 0.2000 —0.4000
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format rat, ans
ans =
1 0 0 0 0 1
o 1 0 -1/5 2/5 1/5
0o 0 1 2/5 1/5 —2/5
format

Determinants by Row Reduction, p. 601

ML.2. There are many sequences of row operations that can be used. Here we record the value of the
determinant so you may check your result.
(a) det(A4) = —9. (b) det(A) = 5.

ML4. (a) A=[2 3 04 1 0;0 0 5];

det(5 * eye(size(A)) — A)
ans =
0

(b) A=[1 1;5 2J;
det(3 * eye(size(A)) — A)"2
ans =
9
(¢) A=[1 1 00 1 0;1 0 1J;
det(inverse(A) * A)
ans =
1

Determinants by Cofactor Expansion, p. 602
ML2 A=[1 5 0;2 —1 3;3 2 1];

cofactor(2,1,A) cofactor(2,2,A) cofactor(2,3,A)
ans = ans = ans =—
-5 1 13
ML4 A=[-12 0 02 —1 2 0;0 2 —1 20 0 2 —1J;

(Use expansion about the first column.)

detA = —1 * cofactor(1,1,A) + 2 * cofactor(2,1,A)
detA =

5

Vector Spaces, p. 603

ML2 p=[2 5 1 —2],q=[1 0 3 5]

p =

2 5 1 —2
q

1 0 3 5
(a) p+a

ans =
3 5 4 3

which is 3t3 + 5t2 4 4t + 3.
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(b)

145

5%xp

ans =
10 25 5 —10

which is 10t3 + 25t2 + 5¢ — 10.
3xp—4xq

ans =
2 15 -9 —26

which is 2¢3 4+ 15t2 — 9t — 26.

Subspaces, p. 603

ML.4. (a)

Apply the procedure in ML.3(a).
vi=[1 2 1;v2=[3 0 1;v3=[1 8 3};v=[—2 14 4];
rref([vl’ v2' v3' v'])
ans =
1 0 4 7
o 1 -1 -3
0 O 0 0

This system is consistent so v is a linear combination of {vi,vs,v3}. In the general solution
if we set c3 = 0, then ¢; = 7 and ¢o = 3. Hence 7vy — 3vyo = v. There are many other linear
combinations that work.

After entering the 2x2 matrices into MATLAB we associate a column with each one by ‘reshaping’
it into a 4x 1 matrix. The linear system obtained from the linear combination of reshaped vectors
is the same as that obtained using the 2 x 2 matrices in ¢;vy + cava + c3vy = V.

vi=[1 251 O0;v2=1[2 —1;1 2];v3=[—3 1;0 1];v=-eye(2);
rref([reshape(v1,4,1) reshape(v2,4,1) reshape(v3,4,1) reshape(v,4,1)])
ans =

1 0
0 0
0 1

O O +» O
o O O

0 0 1

The system is inconsistent, hence v is not a linear combination of {vy,va, vs}.

ML.6. Follow the method in ML.4(a).
vi=[110 1];v2=[1 -1 0 1];v3=[0 1 2 1J;

()

(b)

v=[2 3 2 3]
rref([vl’ v2’' v3' v'])

ans =
1 0 0 2
01 0 O
0 0 1 1
0 0 0 O

Since the system is consistent, v is in span S. In fact, v = 2v; + vs.
v=[2 -3 -2 3|;
rref([vl’ v2' v3' v'])
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ans —

O O =

0
0
1

O O ~» O
o O O

0 0 1
The system is inconsistent, hence v is not in span S.
(c) v=[0 1 2 3J;
rref([vl’ v2' v3' v'])

ans =
1 0 0 O
01 0 O
0 0 1 O
0 0 0 1

The system is inconsistent, hence v is not in span S.

Linear Independence/Dependence, p. 604

ML.2.

Bases
ML.2.

ML.4.

Form the augmented matrix [A i 0] and row reduce it.
A=[120 1;1 1 1 22 —15 702 —2 —2J;
rref([A zeros(4,1)])

ans =
10 2 3 0
0 1-1-1 O
0O 0 0 0 O
0 0 0 0 O
The general solution is x4 = s, 3 =t, xo =t + s, x1 = —2t — 3s. Hence

x=[-2t—-3s t+s t s]'=t[-2 1 1 0]'+s[-3 1 0 1]
and it follows that [—2 11 0]/and [—3 10 1}/span the solution space.

and Dimension, p. 604

Follow the procedure in Exercise ML.5(b) in Section 5.2.
vi=[0 2 —-2)5v2=[1 -3 1]5v3=[2 -8 4];
rref([vl v2 v3 zeros(size(v1l))])

ans =
1 0 -1 0
0 1 2 0
0 O 0 O

It follows that there is a nontrivial solution so S is linearly dependent and cannot be a basis for V.
Here we do not know dim(span S), but dim(span S) = the number of linearly independent vectors
in S. We proceed as we did in ML.1.

vi=[1 2 1 0f5v2=[2 1 3 1);v3=[2 -2 4 2];

rref([vl v2 v3 zeros(size(vl))])
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ML.6.

ML.8.

ML.10.

ans =
1 0 -2 0
0 1 2 0
0 O 0 O
0 O 0 O

The leading 1’s imply that v, and vy are a linearly independent subset of S, hence dim(span S) = 2
and S is not a basis for V.

Any vector in V' has the form
[a b c]z[a 2a —c c]za[l 2 0]+c[0 -1 1].

It follows that T' = { [1 2 O] , [O —1 1]} spans V' and since the members of T are not multiples
of one another, T is a linearly independent subset of V. Thus dim V' = 2. We need only determine
if S is a linearly independent subset of V. Let

vi=[0 1 —-1);v2=[1 1 1];
then
rref([vl v2 zeros(size(v1l))])

ans =
1 0
0 0
0 0 O
It follows that S is linearly independent and so Theorem 4.9 implies that S is a basis for V.
In Exercises ML.7 through ML.9 we use the technique involving leading 1’s as in Example 5.
Associate a column with each 2 x 2 matrix as in Exercise ML.4(b) in Section 5.2.

vi=[1 21 25v2=[1 0;1 1/5v3=[0 2;0 1)5v4=[2 4;2 4);v5=[1 050 1];

rref([reshape(v1,4,1) reshape(v2,4,1) reshape(v3,4,1) reshape(v4,4,1) reshape(v5,4,1)
zeros(4,1)])

ans =
1 0 1 2 0 O
01 -1 0 0 O
0 0 0 0 1 0
0 O 0 0 0 O

The leading 1’s point to vy, v, and v5 which are a basis for span S. We have dim(span S) = 3 and
span S # Mos.

vi=[1 1 0 0);5v2=[1 0 1 0];
rref([vl v2 eye(4) zeros(size(vl))])

ans =
1 0 O 1 0 0 O
0 1 0 0 1 0 O
0 o0 1 -1 -1 0 O
0 0 O 0 0 1 0

It follows that {vl,vQ,el = [1 00 O]/,e4 = [O 00 1]/} is a basis for V' which contains S.



148

ML.12.

Chapter 10

Any vector in V has the form [a 2d+e a d e]. It follows that
la 2d+e a d e]=a[l 0 1 0 0]+d[0 2 0 1 0]+e[0 1 0 0 1]

andT={[1 010 0],[0 20 1 0],[0 1 0 0 1]} isa basisfor V. Hence let
vi=[0 302 —15wl=[1L 0 1 0 05w2=[0 2 0 1 0s5w3=[0 1 0 0 1];
then

rref([vl wl w2 w3 eye(4) zeros(size(vl))])

ans =
1 0 0-1 0
0 1 0 0 O
0 01 2 O
0 0 0 0 O
0 0 0 0 O

Thus {vy, w1, wa} is a basis for V containing S.

Coordinates and Change of Basis, p. 605

ML.2.

ML.4.

Proceed as in ML.1 by making each of the vectors in .S a column in matrix A.
A=[1 01 1;1 2 1 3,0 2 1 1;0 1 0 0]';

rref(A)

ans =
1 0 0 O
0 1 0 O
0O 0 1 O
0O 0 0 1

To find the coordinates of v we solve a linear system. We can do all three parts simultaneously as
follows. Associate with each vector v a column. Form a matrix B from these columns.

B=[4 12 8 14;1/2 0 0 051 1 1 7/3]';

rref([A B])
ans =
1.0000 0 0 0 1.0000 0.5000 0.3333
0 1.0000 0 0 3.0000 0 0.6667
0 0 1.0000 0 4.0000 —0.5000 0
0 0 0 1.0000 —2.0000 1.0000 —0.3333

The coordinates are the last three columns of the preceding matrix.

A=[10 1;1 1 0;0 1 1J;
B=[2 1 151 2 151 1 2J;

rref([A B])

ans =
1 0 01 1 O
0O 1 0 0 1 1
O 0 1 1 0 1
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The transition matrix from the T-basis to the S-basis is P = ans(:,4:6).

P =
1 1 0
o 1 1
1 0 1

ML6. A=[1 2 3 0;0 1 2 3;3 01 22 3 0 1];

B = eye(4);
rref([A B])
ans =
1.0000 0 0 0 0.0417 0.0417 0.2917 —0.2083
0 1.0000 0 0 —0.2083 0.0417 0.0417 0.2917
0 0 1.0000 0 0.2917 —0.2083 0.0417 0.0417
0 0 0 1.0000 0.0417 0.2917 —0.2083 0.0417

The transition matrix P is found in columns 5 through 8 of the preceding matrix.

Homogeneous Linear Systems, p. 606

ML.2. Enter A into MATLAB and we find that

rref(A)

ans =
1 0 O
0 1 0
0O 0 1
0O 0 O
0 0 O

The homogeneous system Ax = 0 has only the trivial solution.

ML.4. Form the matrix 3/ — A in MATLAB as follows.
C=3xeye(2)—[1 2;2 1]

C =
2 =2
—2 2
rref(C)
ans =
1 —
0 0

t
The solution is x = [t] , for t any real number. Just choose t # 0 to obtain a nontrivial solution.

Rank of a Matrix, p. 606
ML.2. (a) One basis for the row space of A consists of the nonzero rows of rref(A).
A=[1 3 1;2 5 0;4 11 2;6 9 1];
rref(A)



150

ML.4. (a)

ans —

1
0
0

O = O

0
0
1

0 0 O

Chapter 10

Another basis is found using the leading 1’s of rref(A”) to point to rows of A that form a basis

for the row space of A.
rref(A’)

ans —

It follows that rows 1, 2, and 4 of A are a basis for the row space of A.
Follow the same procedure as in part (a).
A=[2120000 0122 1;456 233 4 1];

ans —

1.0000 0 0.6667 —0.3333
0 1.0000 0.6667 0.6667
0 0 0 0
0 0 0 0
format rat, ans
ans =
1 0 2/3 —1/3
0 1 2/3 2/3
0 O 0 0
0 O 0 0
format
rref(A’)
ans =
1 0 0 1 1
o 0 1 2 1
0O 0 0 0 O
0O 0 0 0 O

It follows that rows 1 and 2 of A are a basis for the row space of A.
A=[3 2 151 2 —-1;2 1 3];
rank(A)
ans =
3
The nullity of A is 0.

A=121212100 21 -1 -1 -2 1;3 0 -1 —2 3J;

rank(A)
ans =
2
The nullity of A =5 — rank(A) = 3.
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Standard Inner Product, p. 607
ML.2. (a) u=[2 2 - 1];norm(u)
ans =
3

(b) v=[0 4 —3 0]snorm(v)
- 5

(c) w=[1 0 1 0 3);norm(w)
ans =
3.3166

ML.4. Enter A, B, and C as points and construct vectors vAB, vBC, and vC A. Then determine the
lengths of the vectors.

A=[1 3 —2B=[4 -1 0;C=[1 1 2J;

vAB=B-C
vAB =

3 -2 -2
norm(vAB)
ans =

4.1231
vBC=C-B
vBC =

-3 2 2
norm(vBC)
ans =

4.1231
vCA=A-C
vCA =

0 2 —4
norm(vCA)
ans =

4.4721

MLS8. (a) u=[3 2 4 O;jv=[0 2 —1 O0];
ang = dot(u,v)/((norm(u) * norm(v))
ang =

0

(b) u=[2 2 —1)3v=[2 0 1J;
ang idot(u,v)/((norm(u) * norm(v))
° 0.4472

degrees = ang * (180/pi)
degrees =
25.6235

(¢c)u=[1 00 2;v=[0 3 —4 0];
ang = dot(u,v)/((norm(u) * norm(v))
ang =

0
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Cross Product, p. 608
ML.2. (a) u=[2 3 —1];v=[2 3 1];cross(u,v)
ans =
6 —4 0

(b) u=[3 —1 1];v=2x%ujcross(u,v)

0O 0 0
(¢) u=[1 -2 1)3v=[3 1 —1];cross(u,v)

1 4 7

ML.4. Following Example 6 we proceed as follows in MATLAB.

u=[3 -2 1jv=[1 2 3hw=[2 -1 2J;
vol = abs(dot(u,cross(v,w)))
vol =

8

The Gram-Schmidt Process, p. 608

ML.2. Use the following MATLAB commands.
A=[101 1;1 2 1 30 2 1 1;0 1 0 0];
gschmidt(A)
ans =

0.5774 —0.2582 —0.1690 0.7559
0 0.7746 0.5071 0.3780

0.5774 —0.2582 0.6761 —0.3780
0.5774 0.56164 —0.5071 —0.3780

ML.4. We have that all vectors of the form [a 0 a+b b+ c] can be expressed as follows:

[a 0 a+b b+c]=all 0 1 0]+b[0 0 1 1]+c[0 0 0 1].
By the same type of argument used in Exercises 16-19 we show that
S={vi,vo,vz}={[1 0 1 0],[0 0 1 1],[0 0 0 1]}

is a basis for the subspace. Apply routine gschmidt to the vectors of S.
A=[1 010001 1;0 00 1]
gschmidt(A,1)
ans =
1.0000 —0.5000 0.3333
0 0 0

1.0000 0.56000 —0.3333
0 1.0000 0.3333

The columns are an orthogonal basis for the subspace.

Chapter 10
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Projections, p. 609
ML2 wli=[1 0 1 1/,w2=[1 1 —1 0]

wl =
1
0
1
1
w2 =
1
1
-1
0

(a) We show the dot product of wl and w2 is zero and since nonzero orthogonal vectors are linearly
independent they form a basis for W.

dot(wl,w2)
ans =
0

b)) v=[2 1 2 1)
v=
2
1
2
1

proj = dot(v,wl)/norm(w1)"2 % w1l

proj =
1.6667
0
1.6667
1.6667
format rat
proj
proj =
5/3
0
5/3
5/3
format
(c) proj= dot(v,wl)/norm(w1)"2* w1l + dot(v,w2)/norm(w2)"2 % w2
proj =
2.0000
0.3333
1.3333

1.6667
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format rat

proj
proj =
2
1/3
4/3
5/3
format

Chapter 10

ML.4. Note that the vectors in S are not an orthogonal basis for W = span S. We first use the Gram—

Schmidt process to find an orthonormal basis.
x=[110 12 -1 0 0][0 1 0 1]]
X =
1 2 0
1 -1 1
0 0
1 1
b = gschmidt(x)
X =

0.5774 0.7715 —0.2673

0.5774 —0.6172 —0.5345

0 0 0

0.5774 —0.1543 0.8018
Name these columns wl, w2, w3, respectively.
wl=b(:;1);w2 = b(:,2);w3 = b(:,3);
Then w1, w2, w3 is an orthonormal basis for W.
v=[0 0 1 1]

v =

0
0
1
1

(a) proj= dot(v,wl)* wl+ dot(v,w2) * w2+ dot(v,w3) * w3
proj =
0.0000
0
0
1.0000

(b) The distance from v to P is the length of vector —proj + v.
norm(— proj+ v)
ans =
1
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Least Squares, p. 609
ML.2. (a) y = 331.44z + 18704.83.  (b) 24007.58.

ML.4. Data for quadratic least squares: (Sample of cos on [0, 1.5 * pi].)

t vy
0 1.0000
0.5000  0.8800
1.0000  0.5400
1.5000  0.0700
2.0000 —0.4200
2.5000 —0.8000
3.0000 —0.9900
3.5000 —0.9400
4.0000 —0.6500
4.5000 —0.2100

v = polyfit(t,yy,2)

v =
0.2006 —1.2974 1.3378

Thus y = 0.2006t? — 1.2974t + 1.3378.

Kernel and Range of Linear Transformations, p. 611

ML2. A=[-3 2 —-7;2 —1 42 —2 6l;
rref(A)
ans =
1 0 1
0 1 -2
0 0 0

It follows that the general solution to Ax = 0 is obtained from

T + x3=0
.232—21‘3:0.

Let x3 = r, then x5 = 2r and z; = —r. Thus
—r -1
X=|2r|=r 2
T 1
-1
and 2 | is a basis for ker L. To find a basis for range L proceed as follows.
1
rref(A’)’
ans =
1 0 O
0 1 0
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Then of,| 1 is a basis for range L.
—2 -2

Matrix of a Linear Transformation, p. 611

ML.2. Enter C and the vectors from the S and T bases into MATLAB. Then compute the images of v; as

L(v;) =Cxv;.
C=[12021 —-1;3 1 0;—1 0 2]
C=

1 2 0

21 -1

3 1

-1 0 2

vi=[1 0 1);v2=[2 0 1]5v3=[0 1 2];

wli=[111 2;w2=[1 11 0'35w3=[0 11 —1);w4=[0 0 1 0];
Lvl=Cxvl; Lv2=C=%*v2; Lv3 = C % v3;

rref([wl w2 w3 w4 Lvl Lv2 Lv3])

ans =
1.0000 0 0 0 0.5000 0.5000 0.5000

0 1.0000 0 0 0.5000 1.5000 1.5000
0 0 1.0000 0 0 1.0000 —3.0000
0 0 0 1.0000 2.0000 3.0000 2.0000

It follows that A consists of the last 3 columns of ans.

A = ans(:,5:7)

A=

0.5000 0.5000 0.5000
0.5000 1.5000 1.5000

0 1.0000 —3.0000
2.0000 3.0000 2.0000

Eigenvalues and Eigenvectors, p. 612

ML.2. The eigenvalues of matrix A will be computed using MATLAB command roots(poly(A)).
(a) A=[1 —3;3 —5];
r = roots(poly(A))
r=
—2
—2
(b) A=[3 —1 4; —1 0 1;4 1 2J;
r = roots(poly(A))
r=
6.5324
—2.3715
0.8392
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(c) A=[2 -2 051 -1 0;1 —1 0];
r = roots(poly(A))
r=
0
0
1
(d) A=[2 4;3 6];
r = roots(poly(A))
r =
0
8
ML4. (a) A=[0 2;—1 3J;
r = roots(poly(A))
r=
2
1
The eigenvalues are distinct, so A is diagonalizable. We find the corresponding eigenvectors.
M = ( 2*eye(size(A)) — A)
rref([M [0 0]'])
ans =
1 -1 0
0 0 O
The general solution is zo = 7, 1 = 3 = r. Let r = 1 and we have that [1 1}/ is an
eigenvector.
M = (1 * eye(size(A)) — A)
rref([M [0 0]'])
ans =
1 -2 0
0 0 O
The general solution is o = r, 1 = 29 = 2r. Let » = 1 and we have that [2 1}/ is an
eigenvector.
P=[1 152 1]
P=
1 2
1 1
invert(P) * A x P
ans =
2 0
0
(b) A=[1 =33 —5];
r = roots(poly(A))
r=
—2
-2
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M = (— 2 x eye(size(A)) — A)
rref([M [0 0]'])
ans =

1 -1 0

0 0 O
The general solution is zo =7, x1 = 29 = r. Let r = 1 and it follows that [1 1}/ is an eigen-
vector, but there is only one linearly independent eigenvector. Hence A is not diagonalizable.
A=[0 0 45 3 6;6 0 5];
r = roots(poly(A))
r =

8.0000

3.0000

—3.0000

The eigenvalues are distinct, thus A is diagonalizable. We find the corresponding eigenvectors.
M = (8 * eye(size(A)) — A)
rref([M [0 0 0]'])

ans =
1.0000 0 —0.5000 O
0 1.0000 —1.7000 O
0 0 0 O

The general solution is x3 =1, xo = 1.7x3 = 1.7r, 1 = .bxg = .5r. Let r = 1 and we have that
[.5 1.7 l]l is an eigenvector.

M = (3 * eye(size(A)) — A)

rref([M [0 0 0]'])

ans =
1 0 0 O
0 0 1 O
0 0 0 O

Thus [0 1 0]/ is an eigenvector.

M = (— 3 x eye(size(A)) — A)
rref([M [0 0 0]'])

ans =
1.0000 0 1.3333 0
0 1.0000 -0.1111 O
0 0 0 O
The general solution is x3 =71, T9 = %.733 = %’I‘, T = —%x3 = —%T. Let r = 1 and we have that
[f% é 1]/ is an eigenvector. Thus P is

P=[5 1.7 1;0 1 0;—4/3 1/9 1]
invert(P) * Ax P

ans —

o O
O w O
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ML.6. A=[-1 1.5 —15;—2 25 —1.5;—-2 2.0 — 1.0
r = roots(poly(A))
r=
1.0000
—1.0000
0.5000
The eigenvalues are distinct, hence A is diagonalizable.
M = (1 * eye(size(A)) — A)
rref((M [0 0 0]'0)
ans =
1 0 0 O
01 -1 0
0 O 0 O
The general solution is z3 = r, zo = r, 1 = 0. Let r = 1 and we have that [O 1 1]/ is an
eigenvector.
M = (— 1*eye(size(A)) — A)
rref((M [0 0 0])
ans =
1 0 -1 0
01 -1 0
0 0 0 0

The general solution is x3 = r, 29 = r, x1 = r. Let r = 1 and we have that [1 1 1]/ is an
eigenvector.

M = (.5 * eye(size(A)) — A)
rref([M [0 0 0])

ans =
1 -1 0 O
0 0 1 0
0 0 0 O

The general solution is x3 = 0, x2 = r, x1 = r. Let r = 1 and we have that [1 1 O]/ is an
eigenvector. Hence let

P=[0 1 1;1 1 1;1 1 0}
P=
o 1 1
1 1 1
1 1 0
then we have
A30 =P x (diag([1 —1 .5])"30* invert(P))
A30 =
1.0000 —1.0000 1.0000
0 0.0000 1.0000
0 0 1.0000
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Since all the entries are not displayed as integers we set the format to long and redisplay the matrix
to view its contents for more detail.

format long
A30
A30 =
1.0000000000000 —0.99999999906868 0.99999999906868
0 0.00000000093132 0.99999999906868
0 0 1.00000000000000

Note that this is not the same as the matrix A30 in Exercise ML.5.

Diagonalization, p. 613
ML.2. (a) A=[1 2;—1 4];
[V,D] = eig(A)
V=
—0.8944 —-0.7071
—0.4472 —-0.7071

D=
2 0
0 3
V'xV

ans =
1.0000 0.9487
0.9487 1.0000

Hence V is not orthogonal. However, since the eigenvalues are distinct A is diagonalizable, so
V' can be replaced by an orthogonal matrix.

b) A=[2 1 22 2 —23 1 1J;
[V,D] = eig(A)
V=
~0.5482  0.7071  0.4082
0.6852 —0.0000 —0.8165
04796  0.7071  0.4082

D=
—1.0000 0 0
0 4.0000 0
0 0 2.0000
V'V
ans =

1.0000 —0.0485 —0.5874
—0.0485 1.0000 0.5774
—0.5874 0.5774 1.0000

Hence V is not orthogonal. However, since the eigenvalues are distinct A is diagonalizable, so
V' can be replaced by an orthogonal matrix.

(¢) A=[1 —-3;3 —5];
[V.D] = cig(A)
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V =
0.7071 0.7071
0.7071 0.7071

Inspecting V', we see that there is only one linearly independent eigenvector, so A is not diago-
nalizable.

(d) A=1 0 00 1 150 1 1];
[V,D] = eig(A)
V=
1.0000 0 0
0 0.7071 0.7071
0 0.7071 —0.7071
D=
1.0000 0 0
0 2.0000 0
0 0 0.0000
V'«V
ans =
1.0000 0 0
0 1.0000 0
0 0 1.0000
Hence V is orthogonal. We should have expected this since A is symmetric.






Complex Numbers

Appendix B.1, p. A-11

2.
4.
5

10.

11.

(a) -1 + 2i. (b) & — 5. (c) 4 — 3i. (d) o — =i
V20. (b)) V10. () VI3.  (d) VIT.
(a) Re(01 + CQ) (((ll + CLQ) (bl + bQ)Z) =a1; +ag = Re(cl) + RG(CQ)
Im(ey + ¢2) = Im((ag + a2) + (by + b2)i) = by + by = Im(eq) + Im(c2)
(b) Re(kc) = Re(ka + kbi) = ka = kRe(c)
Im(kc) = Im(ka + kbi) = kb = kIm(c)
(¢) No.
(d) Re(clcg) = Re((a1 + bli)(QQ =+ bgl)) = Re((alag — blbg) =+ (albg =+ agbl)i) = a1ag — b1b2 #
Re(c1)Re(e2)
=—-14+4
:: c=2+43
24
1 1 1 1 ) 1 I2 1 1
—2 I\ _
-2 4 ¢ c —
(a) (A—&—B)M = Qij +bi] :@+E: (Z)” + (E)”
(b) (kA), =kay =ka; =k (A),.
(c) CC-1=C-1C =1, = I,; thus (C)~' = C-L.
(a) Hermitian, normal. (b) None. (¢) Unitary, normal. (d) Normal.
(e) Hermitian, normal. (f) None. (g) Normal. (h) Unitary, normal.
(i) Unitary, normal. (j) Normal.
(a) @i; = ay;, hence a;; is real. (See Property 4 in Section B1.)
(b) First, AT = A implies that AT = 4. Let B = # Then

B =
2

= <A+Z>_Z+E_Z+A
22

so B is a real matrix. Also,

BT _ A+A\" AT LA AT L AT
N 2 N 2 N 2 N

A+ A
=B
2 b
r _
—|—A:A+A:B
2 2
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so B is symmetric.

Next, let C' = # Then
i

_ [A-A\ A-A4 A-4
C‘( 21‘)_ BT
so C' is a real matrix. Also,
cr_ (A=A _AT-A AT AT A-A_ A-A__,
S\ ) 2 2% 2% 2%

so C' is also skew symmetric. Moreover, A = B + iC.
(c) If A= AT and A = 4, then AT = A = A. Hence, A is Hermitian.

12. (a) If A is real and orthogonal, then A=t = AT or AAT = I,,. Hence A is unitary.
(b) (AT)TAT = (AT)' AT = (AAT)T = IT = I,,. Note: (AT)T = (AT)T.

Similarly, AT(AT)T = I,.
() (AT A = (AT)TA = (AT) 1A~ = (AAT) " = [ — 1,

Note: (A=1)T = (AT)=T and (AT)~1 = (AT)~'. Similarly, A~ (A-1)T = I,,.

13. (a) Let

Then

T \NT  — — —
=7 _ <A+AT> AT 4 (AT)T AT+ A A4+ AT

so B is Hermitian. Also,

—\T - — -
- _ AT T _ T\T _ AT
o () T

so C'is Hermitian. Moreover, A = B +iC.

(b) We have
ATA = (BT +iCT)(B +iC) = (BT +iCT)(B +iC)
= (B —iC)(B +iC)
= B? —iCB +iBC —i*C?
= (B? +C? +i(BC - CB).
Similarly,

AAT = (B +iC)(BT +iC)T = (B +iC)(BT +iCT)
= (B +iC)(B —iC)
= B? - iBC +iCB —i*C?
= (B*+C?% +i(CB - BC).

Since ATA = AAT, we equate imaginary parts obtaining BC' — CB = CB — BC, which implies
that BC' = C'B. The steps are reversible, establishing the converse.
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14. (a) If AT = A, then ATA = A2 = AAT, so A is normal.
(b) If AT = A~! then ATA= A"1A = AA"' = AAT so A is normal.

(¢) One example is [ } . Note that this matrix is not symmetric since it is not a real matrix.
i

15. Let A = B + iC be skew Hermitian. Then AT = —A so BT —iCT = —B —iC. Then BT = —B and
CT = C. Thus, B is skew symmetric and C' is symmetric. Conversely, if B is skew symmetric and C
is symmetric, then BT = —B and CT = C so BT —iCT = —B — iC or AT = —A. Hence, A is skew
Hermitian.

_ —1+iv3

16. (a) x 5

(b) —2, +i. (¢) 1, i, =1, —1 (-1 is a double root).

) i 0 —i 0
18. (a) Possible answers: A; = [0 i} A = [0 —i]'

. 1 0 —i 0
20. (a) Possible answers: {0 O}’ [ 0 O]

—1 7 2 —1

(b) Possible answers: {Z, _,17 {_Z l,].

Appendix B.2, p. A-20

2. (a) 2=—g5— 356 y=—1(1+2i),2=2 -2

(b) z=—-1+4i,y=1+43i,z2=2—1.

4. (a) 4i (b) 0. (c) —9 — 8i. (d) —10.
6. (a) Yes. (b) No. (c) Yes.
7. (a) Let A and B be Hermitian and let k£ be a complex scalar. Then
A+B)T=@A+B)T" =4 +B =A+B,
so the sum of Hermitian matrices is again Hermitian. Next,
FA)T =FA =FA £ kA,

so the set of Hermitian matrices is not closed under scalar multiplication and hence is not a
complex subspace of C,,.

(b) From (a), we have closure of addition and since the scalars are real here, k = k, hence (kA)T = kA.
Thus, W is a real subspace of the real vector space of n X n complex matrices.

8. The zero vector 0 is not unitary, so W cannot be a subspace.

10. (a) No. (b) No.
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13. (a) Let A be Hermitian and suppose that Ax = Ax, A # 0. We show that A = . We have
(Ax)" = (A%)" =x" A =%"A.
Also, (XK_)T = \%L, so X'A = XxT. Multiplying both sides by x on the right, we obtain
%7 Ax = Mx"x. However, X7 Ax = X' Ax = A\X’ x. Thus, AX'x = A\X’x. Then (A = \)X'x =0
and since x7x > 0, we have A = \.
2 0 0 2 0 0
b)) AT=10 2 —i|=|(0 2 i|=A
0 i 2 0 —i 2
(¢) No, see 11(b). An eigenvector x associated with a real eigenvalue A of a complex matrix A is in
general complex, because Ax is in general complex. Thus Ax must also be complex.
14. If A is unitary, then AT A Let A= [uy wp -+ u,]. Since
uf
— uf
I, = AAT = [ul u, un] ,
ul’
then
— JO ifjFk
uu; = o
J 1 ifj=k.
It follows that the columns uj, us, ..., u, form an orthonormal set. The steps are reversible establishing
the converse.
15. Let A be a skew symmetric matrix, so that AT = —A, and let X be an eigenvalue of A with corresponding

eigenvector x. We show that A = —A. We have Ax = Ax. Multiplying both sides of this equation by
xT on the left we have xT Ax = xT Ax. Taking the conjugate transpose of both sides yields

xTATx = AxTx.

Therefore —xTAx = AxTx, or —2xTX = AxTx, so (A + A)(xTx) = 0. Since x # 0, xTx # 0, so
A = —\. Hence, the real part of A is zero.



